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Abstract

We establish complex zero-freeness and deterministic fully polynomial-time approxi-
mation schemes (FPTASes) for spin systems on the Erdés-Rényi random graph G(n,d/n).
For the antiferromagnetic g-state Potts model (¢ > 3) with d < da2(q) ~ 2gqlogg, the
partition function is with high probability zero-free on a fixed-width neighborhood of
[0,1], including proper g¢-colorings at z = 0; this yields a deterministic FPTAS for
q > (1/2 4 n)d/logd (fixed n > 0, large d), and, combined with the Achlioptas—Naor
noncolorability bound, a deterministic FPTAS for counting proper g-colorings for all but
at most one integer ¢ at each fixed d > 0. An appendix extends the zero-freeness and
the FPTAS up to the Erdés—Rényi condensation threshold of the Potts model, including
proper colorings. For the zero-field Ising antiferromagnet and the zero-field Viana—Bray
diluted spin glass on G(n,d/n), we likewise obtain fixed-width zero-free neighborhoods
and deterministic FPTASes up to their Kesten—Stigum thresholds. Dividing out each
graph’s forest weight removes the order-/n fluctuations of the log-partition function
caused by the random number of edges; complex moment bounds and Poisson short-cycle
Taylor truncations then transfer nonvanishing from an explicit random cycle model,
compensated where necessary, while connected-set Mébius inversion and Cayley’s tree
bound handle unbounded degrees in Barvinok interpolation.

Disclaimer: This work was developed through interaction with GPT-6 Astra, with
Claude Opus 5.5 and Gemini 4 Argon used for writing and editing. While preparing
this manuscript, we learned that Chen, Wang, and Zhang [CWZ26] had independently
proved zero-freeness and deterministic counting for the hard-core and antiferromagnetic
Potts models on random regular graphs via a closely similar argument. The results of our
main text and Appendices A-B, treating G(n,d/n) and the Viana—Bray spin glass, were
obtained independently of [CWZ26], whereas Appendix C was added afterward, adapting
their overlap-concentration strategy to reach Potts condensation on G(n,d/n). A Lean 4
formalization of the zero-freeness results is available at https://github.com/KeShih/
ER-zero-freeness.

1 Introduction

The partition function of a graphical spin system—such as proper g-colorings, the g-state
Potts model, or the Ising model—is a polynomial or exponential sum in the interaction
parameter that aggregates configuration weights on a graph G. In the classical program of
Lee and Yang [YL52, LY52] and of Fisher [Fis65], phase transitions are governed by the zeros
of the partition function in the complex plane: when a complex neighborhood of the physical
parameter interval is free of zeros, the log-partition function is analytic and exhibits no phase
transition.

On worst-case graphs of maximum degree A, complex zeros can approach the physical
interval as soon as long-range correlations appear on the infinite A-regular tree, a barrier
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known as the tree-uniqueness threshold (for instance, at ¢ &~ A colors for proper colorings). On
the Erd6s—Rényi random graph G(n,d/n) of fixed average degree d, however, typical instances
behave very differently from worst-case graphs. Although G(n,d/n) is locally tree-like, its
random long-range connections rule out the adversarial boundary configurations that destroy
correlation decay on worst-case trees. For example, G(n,d/n) remains g-colorable with high
probability down to g ~ d/(2logd) [AN05], a factor of order logd below the tree-uniqueness
scale ¢ = d. Below condensation, real-valued partition functions normalized by their forest
weight fluctuate at constant scale according to short cycles: for the Potts antiferromagnet at
positive temperature on G(n, d/n) below its condensation threshold [COEJ*18, Theorem 1.3],
for g-colorings of G(n,m) [Ras19, Theorem 1.1] (for large ¢ up to the coloring condensation
threshold, which agrees with the colorability threshold to first order), and for the Viana—Bray
model throughout its annealed region dtanh? < 1 [GT04, Theorem 4].

Working in the complex plane on G(n,d/n) poses two obstacles absent from bounded-
degree or regular graph ensembles. First, because the number of edges in G(n,d/n) fluctuates
on scale y/n, the unnormalized log-partition function fluctuates on scale \/n as well, so
normalizing by a deterministic constant cannot isolate O(1) cycle fluctuations. Second, the
maximum degree of G(n,d/n) grows unboundedly with n, so black-box bounded-degree
coefficient algorithms [LSS19, PR17, PR19, YYZ22] cannot be applied directly in Barvinok’s
interpolation method [Bar16].

In this paper we show that complex zero-freeness and deterministic approximate counting
on G(n,d/n) persist far beyond the tree-uniqueness barrier across the second-moment regime.
Dividing out the exact forest contribution of each graph eliminates edge-count fluctuations
identically and leaves a centered polynomial normalized to 1 at the non-interacting point.
Combining a complex moment bound (which controls the centered polynomial in probability on
a complex domain) with the asymptotically Poisson counts of short cycles (which identify every
fixed Taylor truncation at the non-interacting point with an explicit, almost surely nowhere-
zero cycle model, compensated where necessary) transfers nonvanishing to the finite-graph
partition function via Montel’s compactness theorem, the identity theorem, and continuity
of the minimum modulus. For counting, combining subset M&bius inversion over connected
vertex sets with a deterministic layer-size cutoff replaces maximum-degree dependence by
Cayley’s tree bound on G(n,d/n). Throughout, the graph (and any quenched edge signs) is
random while the counting algorithm is completely deterministic: all model parameters and
the average degree d are fixed before n — oo, and a single high-probability disorder event
serves all allowed target parameters and relative precisions ¢ € (0,1) simultaneously in time

O((n/e)“).

1.1 Potts zero-freeness and counting

For a finite graph G = (V, E) and an integer ¢ > 2, the g-state Potts partition function is

Za(g,2) = ) Zma(@) me(o) = [{uv € E : 0, = 0y }|. (1.1)
o:V—|q]

The regime z € [0, 1] is antiferromagnetic: Zg(g,1) = ¢!Vl is the trivial high-temperature

point, and Zg(q,0) counts proper g-colorings of G (with the convention 0° = 1). Let

G, ~ G(n,d/n) be the Erdés—Rényi graph with fixed average degree d > 0. Define the

second-moment density threshold da(¢q) and the closed complex p-neighborhood K, of [0, 1]

by

2(¢ —1)’log(q — 1)
(g - 2) ’

da(q) = K, ={z¢e C:dist(z[0,1]) < p}.



Theorem 1.1 (Potts zero-freeness). Fiz an integer ¢ > 3 and 0 < d < da(q). There exists
p=p(q,d) > 0, independent of n, such that

Pr[Zg,(q,z) # 0 for every z € K, — 1.

Theorem 1.2 (Deterministic Potts counting). Fiz an integer ¢ > 3 and 0 < d < da2(q).
There is a deterministic algorithm which, given an n-vertex graph G, x € [0,1], and € € (0,1),
runs in O((n/e)¢) time for a constant C' = C(q,d) and outputs a number Z satisfying, with
probability tending to one over G, ~ G(n,d/n),

(1 —e)Zg,(a,2) < Z < (1+¢)Zc, (4. 2)
simultaneously for all x € [0,1] and € € (0,1).

Here and below, time counts arithmetic operations; when the target parameter and ¢
are rational, the number of bit operations is at most this bound times a polynomial in
their bit length (see the proof of Proposition 8.4). For a given quantity, a deterministic
algorithm that runs in time O((n/¢)%) on every input, for a constant C, and whose output
is, with probability tending to one, within a factor 1 + ¢ of the quantity simultaneously for
all € € (0,1), is called a deterministic fully polynomial-time approximation scheme (FPTAS)
with high probability; Theorem 1.2 gives one for each z € [0, 1], uniformly in z.

Because da(q) ~ 2qlog q as ¢ — oo, Theorems 1.1 and 1.2 reach the first-order colorability
threshold ¢ ~ d/(2logd) of G(n,d/n), a factor of order logd below the tree-uniqueness
threshold ¢ =~ d.

Corollary 1.3 (Colorability-scale counting). For every fized n > 0 and all sufficiently large
fixed d, Theorems 1.1 and 1.2 apply to every integer q satisfying

q> (1 + 77) d .

—\2 logd
The leading constant 1/2 in Corollary 1.3 is sharp for zero-freeness on [0, 1]: for ¢ <
(1/2 — n)d/logd and large fixed d, G,, is non-g-colorable with high probability [ANO05], so
Za,.(q,0) = 0 and no zero-free neighborhood can contain z = 0. At z = 0, combining
Theorem 1.2 below da(q) with the constant-zero algorithm above the sufficient noncolorability

threshold (2¢ — 1) log ¢ of Achlioptas and Naor [AN05] leaves at most one integer number of
colors uncovered at any fixed average degree d.

Corollary 1.4 (At most one exceptional color number). For every fized d > 0 there exists
an integer qq > 1 such that, for every fized integer ¢ > 1 with q # qq, the number of proper
q-colorings of G,, ~ G(n,d/n) admits a deterministic FPTAS with high probability.

Corollaries 1.3 and 1.4 are proved in Appendix A. Restricting to a positive-temperature
subinterval [zg, 1] with zp € (0,1) (for ¢ > 3) relaxes the density condition d < da(q) to

q—1+2xg )2
(¢ = 1)(1 = 20)

yielding a fixed-width zero-free neighborhood of [z, 1] and a deterministic FPTAS on [z, 1];
see Appendix B.

d < da(q) ( (1.2)



1.2 Ising antiferromagnet and Viana—Bray spin glass

For two-state spin systems on an n-vertex graph G equipped with edge signs J = (Je),c E@G) €
{—1,1}7()  labeling spins by {—1,1} and averaging over uniform spin configurations yields
the centered edge-product polynomial

g (t)=2"" Y T O+tlwouoy). (1.3)

oc{—-1,1}V (&) weE(G)

Setting J. = 1 for every edge recovers the zero-field Ising antiferromagnet (¢ = 2 in (1.1))
through the forest relation

nf{l+z 1EG)I z—1
oty = (122) "', (21, ”

When G,, ~ G(n,d/n) and its edges receive independent uniform signs J, € {—1,1}, (1.3) also
governs the zero-field Viana—Bray diluted spin glass [GT04, VB85] at inverse temperature /3:
since exp(fs) = (cosh B)(1 + stanh ) for s € {—1,1}, its partition function satisfies

A exp(ﬁ 3 Jm,auav) = 2"(cosh B)/P@I Iy, ;(tanh B)  (1.5)

oe{—1,1}V(&) weE(G)
for all 5 € C with cosh 8 # 0.

Theorem 1.5 (Ising and Viana—Bray zero-freeness and counting). Fiz d > 0, let Gy, ~
G(n,d/n), and let J € {—1,1}PGn) assign independent uniform edge signs.

(i) (Zero-field Ising antiferromagnet.) For every x. € (0,1) with d((1 — z.)/(1+ z4))? < 1,
there exists p = p(d,z,) > 0 such that, with probability tending to one, Zg, (2,2z) # 0
whenever dist(z, [z, 1]) < p.

(ii) (Viana-Bray diluted spin glass.) For every . > 0 with dtanh? 8, < 1, there exists
p = p(d,Bs) > 0 such that, with probability tending to one, Ig, j(t) # 0 whenever
|t| < tanh 3, and Zg,]?,](ﬁ) # 0 whenever dist(8, [—fsx, B+]) < p.

Moreover, there exist deterministic algorithms which, given an n-vertex graph G (in (ii)
together with edge signs J), a target parameter in the stated interval, and ¢ € (0,1), run in
time O((n/e)C) and output a number F satisfying, with probability tending to one,

(1-e)F <F<(1+4¢)F

simultaneously across all € € (0,1) and the stated interval: for F = Zg, (2,z) on © € [z4,1]
with C' = C(d, z4) in (i), and for F = Zg}i(,(ﬁ) on € [—Px, Bi] with C = C(d, ) in (ii).

In part (i), the condition d((1 — x4)/(1 + x.))? < 1 holds for every x. € (0,1) when
0 < d <1, and reads z, > (vd—1)/(v/d+1) when d > 1; this reaches the Kesten-Stigum and
replica-symmetry threshold of the Ising antiferromagnet on G(n,d/n) [COEJT18], allowing
1 — z, of order d~/2 rather than the uniqueness scale d~'. In part (ii), dtanh? B, < 1
covers the entire high-temperature replica-symmetric region of the zero-field Viana—Bray spin
glass [GT04, VB85] (and all 8, > 0 when 0 < d < 1), giving a sparse diluted counterpart to
the zero-freeness and deterministic counting results established up to the spin-glass transition
for the dense Sherrington—Kirkpatrick model [BHL™26b, HLMM26, SZ26).



1.3 Proof structure and related work

Section 2 sets up the centered forest normalization for the Potts model, records its cycle
factors, and collects the complex-analytic preliminaries (Cauchy estimates, Montel’s theorem,
and minimum-modulus continuity). Section 3 develops the general transfer theorem (Theo-
rem 3.1) and constructs the compensated Poisson short-cycle limit YW (Lemma 3.3), where
analytic continuation of the deterministic cycle-mean series via —log(1 — dt) removes the
divergence of the uncompensated product beyond d = ¢ — 1 without altering any finite Taylor
coefficient at ¢ = 0. For the Potts model, Section 4 identifies the finite Taylor truncations
via Poisson short-cycle counts; Section 5 proves a uniform complex first-moment bound via
a balanced second-moment calculation and the sharp g-state relative-entropy inequality of
Costeniuc, Ellis, and Touchette [CETO05]; and Section 6 combines them into a single criterion
(Proposition 6.1): a uniform first-moment bound on a complex tube around a subinterval
[—s,0] of the antiferromagnetic t-interval with s < 1 and ds? < 1 yields zero-freeness with
high probability on a thinner tube around it. This proves Theorem 1.1, and the same
criterion serves the Ising antiferromagnet and Appendices B and C. Section 7 establishes the
zero-freeness assertions of Theorem 1.5 for the Ising antiferromagnet and the Viana—Bray
spin glass directly from untruncated complex second moments and Rademacher quadratic
exponential bounds. Finally, Section 8 gives the connected-set Mobius coefficient algorithm
and completes the Barvinok interpolation proofs of Theorems 1.2 and 1.5; while the short-cycle
limit identifies fixed-order Taylor coefficients of the normalized polynomial in distribution
for the zero-freeness proof, the algorithm computes the first O(log(n/¢e)) logarithmic Taylor
coefficients of the same normalized polynomial at ¢ = 0 exactly with high probability.

Previous deterministic approximate counting algorithms for g¢-colorings of G(n,d/n)
required ¢ > (1 + n)d for free-energy approximation [Eft20], or ¢ > (2 + n)d at large d for
an FPTAS [LY26b]. For random sampling, rapid mixing of Glauber dynamics was recently
proved down to ¢ > (1 + 04(1))d [LY26a]. Note that [LY26a, LY26b] accommodate broader
interactions or pinned boundary conditions, whereas our results apply to the unpinned,
zero-field partition functions on G(n,d/n). On random regular bipartite graphs, FPTASes
and samplers beyond tree uniqueness have been obtained via polymer expansions [CGSV22,
LLY26].

Real-valued distributional limits for normalized Potts, coloring, Ising, and diluted spin-
glass partition functions are classic, via small-subgraph conditioning [COEJT18, FL.21, Ras19]
(on G(n,d/n), random regular graphs, and G(n, m), respectively) or interpolation [GT04]; our
cycle factors coincide with theirs. In particular, for z = e™? € (0, 1) and d below the condensa-
tion threshold of [COEJ ™18, equation (1.5)] (for ¢ > 3 this is dcond(g, 2) in (C.1)), [COEJT18,
Theorem 1.3] uses the same per-graph normalization ¢"b(z)/Z(@) (with b and ¢ as in Section 2.1;
the term (n + %)hlq printed in [COEJ*18, Theorem 1.3], which comes from [COEJT18,
equation (3.14)], should read nln g, as small d shows), and its limit law is that of log W(t(z))
from Lemma 3.3, compensating terms included; likewise, [GT04, Theorem 4] normalizes the
Viana—Bray partition function by 2" [], cosh(5J,), and for J. = £1 and d tanh? 8 < 1 its limit
law is that of the logarithm of the signed cycle limit of Section 7 at t = tanh 3, up to the loop
and double-edge terms of its multigraph. These are real-parameter results; here the limits are
used as random analytic functions of complex t, identified through their Taylor coefficients
at t = 0. In dense mean-field spin glasses, Bencs, Huang, Lee, Liu, and Regts [BHL'26D]
combined complex second moments with Jensen’s formula to obtain average-case zero-freeness
and deterministic quasipolynomial-time approximation; subsequently, Harbuzova, Lepsveridze,
Majid, and Moitra [HLMM26] achieved deterministic polynomial-time relative approximation
for mixed p-spin models across the second-moment regime via color coding, and independently
and concurrently Schmidhuber and Zlokapa [SZ26] obtained deterministic polynomial-time
additive approximations to thermal expectations and log-partition functions up to the static



glass transition. Those works address fully connected mean-field ensembles, where the cycle
statistics are Gaussian. On G(n,d/n) they are discrete Poisson counts, which give a Poisson
random analytic limit (exponentially compensated in the Potts and Ising cases); moreover,
the edge count fluctuates on scale \/n, and unbounded degrees require connected-set enu-
meration. Our analytic transfer framework builds on the convergence theory for random
analytic functions [Shil2, Section 2] and on Coste’s treatment of sparse random matrix
characteristic polynomials via short-cycle limits, second-moment tightness, and exponential
compensation [Cos23, Sections 56 and 8§].

Concurrent work. Two concurrent works establish zero-freeness and deterministic ap-
proximate counting on uniform random A-regular graphs (A > 3): Bencs, Huang, Lee, Liu,
and Regts [BHL26a, Theorems 1.1-1.2] for the zero-field antiferromagnetic Ising model
strictly below the Kesten—Stigum threshold, and Chen, Wang, and Zhang [CWZ26] for the
hard-core and antiferromagnetic Potts models (including proper g-colorings and the zero-field
Ising antiferromagnet) throughout the interior of the replica-symmetric regime. The results
in our main text and Appendices A—B were obtained independently of these works. On
G(n,d/n), we cover the Ising antiferromagnet and Viana—Bray spin glass strictly below their
Kesten—Stigum thresholds, and ¢ > 3 Potts for d < da(q).

All three works use Barvinok interpolation with coefficients computed from small connected
subgraphs. For zero-freeness, our approach shares with [CWZ26] the use of holomorphic
tightness and a nonvanishing random short-cycle limit. Chen, Wang, and Zhang identify
this limit through real-line small-subgraph conditioning; we use the Taylor coefficients at the
non-interacting point. Bencs et al. use analytic short-cycle reweighting and Jensen’s formula;
their argument also shows that the expected number of zeros in the stated region tends to
zero [BHL'26a, Section 3.3].

On G(n,d/n), we use the graph-dependent forest factor to remove edge-count fluctua-
tions, and Cayley’s tree bound with deterministic enumeration cutoffs to handle unbounded
degrees. For the two-state models, the normalized complex second moments remain bounded
throughout the stated range without graph truncation. Appendix C was added after the ap-
pearance of [CWZ26] and adapts their overlap-concentration strategy to prove Theorem C.1:
zero-freeness near [z.,1] and a deterministic FPTAS on [z, 1] for every z, € [0,1) and
every d below the Erdés-Rényi Potts condensation threshold dcond(q, z«) of (C.1); since
d2(q) < deond(q,0), the case x, = 0 contains Theorems 1.1 and 1.2. These results address the
antiferromagnetic Potts case of the Erd6s—Rényi extension asked for in [CWZ26, Section 6].

AT disclosure. GPT-6 Astra was used in developing this work, and Claude Opus 5.5 and
Gemini 4 Argon in writing and editing it. The author has verified all mathematical proofs
and takes full responsibility for the content of this paper.

2 Preliminaries

We first factor out the leading tree contribution from the Potts partition function so that the
remaining normalized polynomial depends only on cycles and subgraphs of higher excess. We
then record the complex-analytic compactness and uniqueness facts used to pass from finite
Taylor truncations to global zero-freeness.

2.1 Potts normalization and cycle factors

Throughout, G = (V, E) denotes a finite simple undirected graph on n = |V| vertices,
and [q] = {1,...,q}. In the Potts partition function (1.1), each edge contributes weight z



when its endpoints receive the same color and weight 1 otherwise; the interval z € [0, 1]
is antiferromagnetic, with z = 0 counting proper g-colorings and z = 1 giving ¢"”. In the
Erdds—Rényi graph G(n,d/n), edges are present independently with probability d/n, where
d > 0 and g are fixed as n — oo; we consider G(n,d/n) only for n > d, so suprema over n of
quantities defined from G, range over n > d.

To isolate the effect of cycles, we normalize Z;(q, z) by its value on a forest. Fix ¢ > 2.
Under independent uniform vertex colors, the endpoints of an edge agree with probability 1/q,
so the average weight of an edge is

b(z)zi-i—q_l = z—}—q—l‘
q q q

Summing over the color of a leaf contributes ¢b(z) for every color of its neighbor, and each
isolated vertex contributes g. Repeated leaf removal therefore gives Zr(q, z) = ¢!V (Dlp(2) BT
for every forest T. For a general graph G, we divide Zg(q, z) by ¢!VIb(2)F! to remove this
tree factor.

Writing the normalized weight of an edge with endpoint colors i, j € [g] as one plus a
mean-zero fluctuation gives

b(z) _1+z+q—1(q1{i:j}_1)'

For each fixed color ¢, the quantity q1;—;; —1 averages to zero over a uniform choice of j € [q].
Its scalar prefactor defines the transformed interaction parameter t = t(z) = (2 —1)/(z+q—1).
Let Id be the ¢ x ¢ identity matrix, let J be the ¢ x ¢ all-ones matrix, and put A = gqId — J,

so that the normalized edge weight is 1 4 tA;;. Averaging over uniform colorings o € [q]V(©)
yields the normalized partition polynomial
Zot)=E, ] (1+tAe,e,), (2.1)
weE(G)
which is related to the original partition function by
= . ZG(q7 Z)
Z6(1(z)) = AVIb(2)IET (2.2)

The non-interacting point z = 1 maps to ¢t = 0, where Zg (0) = 1. Expanding the product
over edges in (2.1) expresses Zg(t) as a generating function over edge subsets, with one power
of t per selected edge. We therefore establish zero-freeness in the ¢-plane and pull the result
back to the z-plane at the end.

Because independent components have independent colorings, 2@ is multiplicative over
connected components and satisfies Zr=1on every forest T'. The simplest subgraphs that
make a nontrivial contribution are cycles. Labeling the vertices of an ¢-cycle Cy in cyclic
order with oy41 = 01 and summing over all colorings gives

( J+tA ) f]
. .

Since J has eigenvalue g on the all-ones vector and 0 on its (¢ — 1)-dimensional orthogonal
complement, where A acts as ¢Id, the matrix (J + tA)/q has eigenvalue 1 with multiplicity 1
and eigenvalue ¢t with multiplicity ¢ — 1. Hence

N 1 ¢
Zo, )= > J[A+tAse,,)=tr

T g1, oeclg i=1

Ze,(t) = 1+ (g — L)t (2.3)



As z ranges over the antiferromagnetic interval [0, 1], the parameter ¢(z) ranges over

1
I=|——— 0.
{q—l’o}

For r > 0, we denote the open and closed r-neighborhoods of I in the complex plane by

U ={teC:dist(t,I) <r}, L.=T,.

2.2 Analytic preliminaries

Short cycles in G,, determine each fixed Taylor truncation of 2@n at t = 0. Passing from
these finite Taylor truncations to nonvanishing on a complex neighborhood of I requires
three classical facts from complex analysis [Con78, Chapters IV and VII]: Cauchy’s coefficient
estimates, Montel’s compactness theorem, and the identity theorem.

We use the terms holomorphic and complex analytic interchangeably; locally uniform
convergence means uniform convergence on every compact subset of the domain. For a
function f holomorphic near ¢, and an integer k > 1, its degree-(k — 1) Taylor truncation
at tg is

k=1 4(;
OEDY &Eto)(t —to).
j=0 7

Lemma 2.1 (Cauchy estimates). Let @ C C be open, and let {w € C: |w —to| <r} C
with v > 0. For every holomorphic function f on Q) and every integer j > 0,
fO(to) _ 1 f(w) /9 (k)]

= 5 — = dw, - <77 max w
4! 27 Jjw—to|=r (w— t0)1+1 4! = o to|=r |f(w)],

where the circle is oriented counterclockwise. Moreover, every locally uniformly convergent
sequence of holomorphic functions on 2 has a holomorphic limit, and its Taylor coefficients
at tg converge to those of the limit.

Applied to the difference of two holomorphic functions, the Cauchy bound shows that
uniform convergence on a surrounding circle controls each Taylor coefficient at ¢y; see [Con78,
Section IV.5 and Chapter VII].

Theorem 2.2 (Montel). Let (fn)n>1 be a sequence of holomorphic functions on an open set
Q C C such that, for every compact K C {2,

supsup | fn(t)] < 0.
n tekK
Then every subsequence of (f,) has a further subsequence converging locally uniformly on
to a holomorphic function.

By Lemma 2.1 with j = 1, a uniform bound on a slightly larger compact set yields
equicontinuity on K, so Theorem 2.2 follows from the Arzela—Ascoli theorem and a diagonal
extraction across a compact exhaustion of Q [Con78, Chapter VII]. Crucially, the uniform
bound must hold on an open complex neighborhood rather than on the real interval I alone.

Lemma 2.3 (Identity theorem). Let f and g be holomorphic on a connected open set 2 C C,
and let tg € Q. If fO)(to) = g9 (L) for every integer j > 0, then f = g throughout Q.



Equality of all derivatives at to forces f and g to agree on the largest disk around tg in €2,
and analytic continuation along chains of overlapping disks propagates equality across the
connected domain 2 [Con78, Chapter IV], even when the Taylor series at ¢y has radius of
convergence smaller than the diameter of €.

Finally, on any nonempty compact set K, the minimum modulus is Lipschitz with respect
to the supremum norm: for continuous functions f,g on K,

min |f(¢)| — min |g(¢)|| < su t)—g(t)|. 2.4
min (0]~ min g(0)| < sup £(2) - g(t) (24)
In particular, if f is continuous and nowhere zero on K, then minier |f(t)| > 0, so every
function uniformly close to f on K is also zero-free on K.

For random vectors or random functions, we write X, 94 X for convergence in distribution,
meaning Eh(X,;,) — Eh(X) for every bounded continuous real-valued function h. On spaces
of Taylor truncations f*! we use the Euclidean topology on the coefficient vector, and on
spaces of holomorphic functions we use the topology of locally uniform convergence.

3 A transfer criterion and the cycle model

To prove that Zgn has no zeros on a complex neighborhood of I with high probability, we
combine two ingredients: a general transfer criterion that deduces zero-freeness from local
boundedness in probability (implied by uniform first-moment bounds on compact sets) and
convergence in law of finite Taylor truncations (Section 3.1), and an explicit nowhere-zero
random analytic function whose Taylor truncations match the Poisson short-cycle limits
(Section 3.2).

3.1 Analytic transfer from Taylor truncations

For an open set 2 C C, the space of holomorphic functions on €2 equipped with the locally
uniform topology is complete and separable [Shil2, Section 2]. A random holomorphic
function on (2 is a random element of this space with its Borel o-field. A sequence of
probability laws on this space is tight if for every e > 0 there is a compact subset carrying
mass at least 1 — € under every law in the sequence.

Theorem 3.1 (Zero-freeness from Taylor truncations). Let Q@ C C be open and connected,
let K C Q be a nonempty compact set, and fix an expansion point ty € 2. Let ng > 1,
let (fn)n>no be a sequence of random holomorphic functions on §, and let f be a random
holomorphic function on . Assume that:

(i) For every compact L C , the sequence (supycy, | fn(t)]) is bounded in probability.

n>ng
(ii) For every fized integer k > 1, the Taylor truncations at ty satisfy fy[lk} 4, B s n — oo,
in the joint distribution of their coefficient vectors.
(iii) With probability one, f(t) # 0 for everyt € K.
Then fp 4, f in the locally uniform topology on 2, and

Pr[there exists t € K with f,(t) =0 — 0.

The following lemma gives a first-moment criterion for condition (i) and the tightness
consequence needed in the proof.

Lemma 3.2 (First moments and tightness). Let  C C be open, let ng > 1, and let (fn)n>n,
be a sequence of random holomorphic functions on Q. If, for every compact L C §,

sup sup E| £, (t)] < oc,
n>no teL



then sup,s,, E[sup;cr, | fn(t)]] < oo for every compact L C Q; in particular, the sequence
(supser, \fn(t)|)n>n0 is bounded in probability for every such L. Under local boundedness in
probability on every compact subset of Q, the laws of (f,) are tight in the locally uniform
topology.

Proof. Since g — sup;cy, |g(t)| is continuous for every compact L C 2 and (g, w) — g(w)
is jointly continuous on the product of the separable space of holomorphic functions on §2
with Q, each sup,cy |fn(t)| is a random variable and (w,w) — |f,(w)|, with w the sample
point, is jointly measurable.

Suppose the first-moment bound holds on every compact set. Let L C {2 be compact,
and choose § > 0 so that the closed §-neighborhood L? = {w € C : dist(w, L) < 6} lies in Q.
For every t € L, integrating the Cauchy integral formula of Lemma 2.1 (j = 0) over radii
r € (0,6) against 2r dr /5 bounds | f,(t)| by the disk average (76%)~! Jiw—tj<s [fn(w)| dA(w) <
(w6%) 7Y [15 | fn(w)]| dA(w), where dA denotes planar Lebesgue measure [Shil2, Lemma 2.6].
Taking the supremum over ¢t € L and applying Tonelli’s theorem [Fol99, Theorem 2.37(a)]
and the first-moment bound on L? gives

1
supE{sup|fn(t)|} < —2/ sup E| fn(w)| dA(w) < oo, (3.1)
n tel w04 JLs n
so Markov’s inequality gives the required boundedness in probability.

To prove tightness from local boundedness in probability, fix e > 0 and let (K;);>1 be a com-
pact exhaustion of Q2. For each j > 1 we may choose M; < 0o so that sup,, Pr[sup,cg; [fn(t)] >
M;] < €277, The set of holomorphic functions on § satisfying supeg, l9(t)| < M; for all
7 > 1 has compact closure by Theorem 2.2, and by a union bound each f,, lies in this closure
with probability at least 1 — e. Thus the laws of (f,,) are tight [Shil2, Proposition 2.5]. [

Proof of Theorem 3.1. Hypothesis (i) and Lemma 3.2 give tightness. By Prokhorov’s the-
orem [Bil99, Theorem 5.1], every subsequence has a further subsequence converging in
distribution to some random holomorphic function g on 2. By Lemma 2.1, the map sending
a holomorphic function to its jth Taylor coefficient at ¢y is continuous in the locally uniform
topology, so hypothesis (ii) implies that the finite-dimensional distributions of the sequence
of Taylor coefficients (gt)(to)/4!);>0 coincide with those of (f\9)(t9)/4!)j>0. By Lemma 2.3,
a holomorphic function on the connected domain 2 is uniquely determined by its Taylor
coefficients at tq; explicitly, successive power-series expansions along fixed chains of overlap-
ping disks reconstruct point evaluations on a countable dense subset S C {2 as measurable
functions of the coefficient sequence, so (g(w))yes and (f(w))yes have the same law. Every
evaluation h — h(w) with w € Q is a pointwise limit of evaluations at points of S, so g and
f have the same finite-dimensional distributions and hence the same law [Shil2, Section 2].

The subsequence criterion [Bil99, Theorem 2.6] now yields f, 4 f

Finally, the functional g — mingcg |g(t)| is continuous by (2.4). The continuous mapping
theorem and the Portmanteau theorem for the closed set {0} [Bil99, Theorems 2.7 and 2.1]
therefore give

: : _ ol < : _al =
lim sup Pr [grenir(l|fn(t)| 0] <Pr breulr{l|f(t)| O] 0,

n—oo

where the last equality holds by hypothesis (iii). O

3.2 The compensated short-cycle model

To apply Theorem 3.1, we must construct a nowhere-zero random holomorphic function f
whose Taylor truncations at ¢ = 0 match the limiting Taylor truncations of Zg, . In Section 4
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we show that, for G,, ~ G(n,d/n), the numbers Cy(Gy,) of unoriented ¢-cycles (¢ > 3) converge
jointly in distribution to independent Poisson variables

df

v ~ Pois(Ae) ¢= g5

and that the Taylor coefficients of ZGn (t) at t = 0 through degree m converge jointly in law
to those of the finite Poisson cycle product

m

Qu(t) = [T+ (¢ — 1))

=3

where each (-cycle contributes the factor 1+ (g — 1)t’ from (2.3). Because factors with £ > m
are 1 4+ O(t™*1), the Taylor truncation QE\ZZH] at t = 0 is the same for all M > m. Our task
is to pass to a limit as m — oo on a complex neighborhood of I = [-1/(q — 1), 0] without
altering these finite-degree Taylor coefficients.

Why the uncompensated product diverges. When ¢ — 1 < d < da(q), the uncom-
pensated products @, (t) fail to converge at the proper-coloring endpoint ¢ = —1/(¢ — 1).
To see where the divergence comes from, take the principal logarithm of @Q,,(t) near t = 0,
expand log(14 (¢ — 1)t*) = (¢ — 1)t* + O(t?*%), and split each Poisson variable P, into its mean
M\¢ = d*/(2¢) and its centered fluctuation P, — A

log Qm(t) = f:(f +(qg—1) i(Pe—>tf+ZP0t%) (3.2)

where on every compact subset of {t € C: |t| < 1, (¢ — 1)[t|*> < 1} the implicit constant in
O(t*") is independent of .

Under these modulus conditions, the centered and remainder series in (3.2) converge
absolutely almost surely whenever d|t|?> < 1, by the estimates leading to (3.5) below. At
the coloring endpoint t = —1/(q — 1), the condition d < da(q) ensures d|t|*> < 1, because
logz < (z — 27 1)/2 for * > 1 (the difference of the two sides vanishes at z = 1 and has
derivative (1 — 27 1)2/2) and (z —271)/2 = q(¢ — 2)/(2(q — 1)) for x = ¢ — 1 give

da(q) _ 2(g—1)log(g — 1)
(¢—1) (g —2)

so both random sums converge almost surely. By contrast, the deterministic first sum in (3.2)
converges absolutely only when d|t| < 1: for ¢ — 1 < d < d2(q) and t = —1/(¢ — 1) we
have dt = —d/(q — 1) < —1, so its even and odd partial sums diverge to +o0c0 and —oo, and
Q21 (t) — oo while Qap11(t) — 0.

<1, (3.3)

Restoring the mean via analytic continuation. The decomposition (3.2) shows that
only the deterministic mean series q;21 2523(dt)é /¢ obstructs convergence in the regime
d|t| > 1 with d|t|* < 1. Simply subtracting this series from log Q,,(t) would make the infinite
product converge, but would change its Taylor coefficients at ¢ = 0. Instead, we replace the
finite deterministic sum in (3.2) by the analytic continuation of its infinite series. For |dt| < 1,
the logarithmic series —log(1 — dt) = 3,22, (dt)¢/¢ gives

g—1 (dt)* q-— d*t?
5 ;:3 7 5 og(l —dt) +dt + 5
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where subtracting dt and d?t?/2 removes lengths £ = 1,2, which do not occur in a simple
graph. The right-hand side extends holomorphically to the half-plane {{R(1 — dt) > 0}, which
contains I = [—-1/(q — 1),0] for every d > 0. We therefore define the compensated finite
product by multiplying @, (t) by the exponential of the tail of this series:

m l
Win(t) = Qm(t) exp{—q_1 [log(l —dt) + (dt)] } .
2 = !

Since log(1 — dt) + 7% ,(dt)*/¢ = O(t™*!) near t = 0, the compensating factor equals
1+ O™, so Wy, and @, have identical Taylor coefficients through degree m. In log Wi,
the deterministic partial sum in (3.2) is replaced by its analytic continuation above; the
centered and remainder terms are unchanged.

Collecting the domain conditions needed for the principal logarithms and the convergence
of the centered and quadratic series, we set

D={tcC:|t|<1, dtf <1, (¢g—Dtf <1, R(1 —dt) >0} .

Here |t| < 1 and (¢ — 1)[¢|* < 1 ensure that |(¢ — 1)t*| < 1 for every £ > 3, so each cycle factor
1+ (¢ — 1)t* has positive real part, while R(1 — dt) > 0 ensures that 1 — dt has positive real
part.

Lemma 3.3 (Compensated short-cycle model). Fix d > 0 and an integer ¢ > 2, and define
Py, Qm, Wh, and the domain D as above. Almost surely, the compensated products Wy,
converge locally uniformly on D to a holomorphic nowhere-zero function W. Moreover, almost
surely, for every fized integer m > 3, the Taylor coefficients of VW at t = 0 through degree m
coincide with those of Q.

Proof. Step 1: Locally uniform convergence and nonvanishing. By definition of W,,, and Q;,,
the logarithm of W,, on D obtained by summing the principal logarithms of 1 — dt and of
the cycle factors is

-1 d?t?
log W, (t) = _qT [log(l —dt) +dt + 21

(q— 1)(dt)[| | (3.4)

m

2

(=3

Pylog(1+ (¢ — 1)t£) — 57

The first term on the right-hand side is deterministic and holomorphic on D. To show
that the sum in the second term converges locally uniformly on D almost surely, fix a
nonempty compact subset K C D and put T = maxck [t| < 1 and ¢ = (¢ — 1)T3 < 1. For
la] < ¢ < 1, the Taylor series of log(1 + a) gives |log(1 + a) — a| < |a|?/[2(1 — ¢)]. Splitting
each summand into (g —1)(P; — )t and Py[log(1+ (g —1)t) — (¢ — 1)t], using EP, = A, and
the Cauchy—Schwarz bound E|P; — )| < v/As, and exchanging expectation and summation
by the monotone convergence theorem for series [Fol99, Theorem 2.15] yields

ad (g —1)(dt)*
€[S |

Z (=AD" | (q—1)*(dT?)"
5;3 Vol T ai—o ]@O’

Prlog(1+ (¢ — 1)) -

(3.5)

where the series on the right converges because d7? < 1 on K C D. Hence the series of
supremum norms on K is finite almost surely, so the series in (3.4) converges absolutely and
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uniformly on K. Exhausting D by a countable sequence of compact sets shows that, almost
surely, log W,,, converges locally uniformly on D to a holomorphic limit, and therefore W,,
converges locally uniformly on D to the holomorphic, nowhere-zero function W given by the
exponential of that limit. On the remaining null event we set WW := 1, so that W is a random
holomorphic function on D.

Step 2: Preservation of Taylor coefficients. Fix m > 3. For every M > m, the compen-
sating exponential factor in Wy equals 1+ O(t"*1) near t = 0, and each cycle factor in Qs
with £ > m equals 1 + O(t™*1). Consequently Wy () = Qum(t) + O(#™ 1) as t — 0, so Wiy
and @, have the same Taylor coefficients at ¢ = 0 through degree m. By Lemma 2.1, locally
uniform convergence Wy — W as M — oo preserves each Taylor coefficient at ¢t = 0. O

4 Short cycles and Taylor coefficients

We first verify condition (ii) of Theorem 3.1 by showing that each fixed Taylor truncation of
ZGH at ¢t = 0 is determined with high probability by the short cycles of G,,. Throughout this
section, d > 0 and the integer ¢ > 2 are arbitrary and fixed, Cy(G) denotes the number of
unoriented simple ¢-cycles in G, and (P),>3 are independent Poisson random variables with
means A\ = d’/(2/).

To prove that the short cycle counts converge jointly to independent Poisson variables,
we use the method of factorial moments [JER00, Theorem 6.10]. For a real number = and
an integer k > 1, define the falling factorial () = z(x —1)--- (x — k + 1), with (z)p = 1.
Because a Pois(\) random variable P satisfies E[(P)z] = A\* for every k& > 0, independent
Poisson variables (P, ..., Py) have joint factorial moments E[[/25(Pp)x, = 13 )\Izé, and
convergence of all joint factorial moments of (C3(Gy), ..., Cn(Gr)) to these products implies
joint convergence in distribution. Combinatorially, (C¢(Gp))k, counts ordered k,-tuples
of distinct f-cycles in Gy, vertex-disjoint cycle tuples contribute the main term [/ )\?‘,
whereas tuples sharing a vertex span more edges than vertices and vanish in expectation as

O(n=1).

Lemma 4.1 (Short cycle counts). For every fized integer m > 3, as n — 0o,

(C3(Gr),- .., Con(Gn)) S (Ps,..., P).

Proof. Fix nonnegative integers ks, ..., k. By the factorial-moment criterion [JER0O, Theo-
rem 6.10], it suffices to show that

m

E[(C(G),, = [T N + 0. (11)
=3 =3

Put L = Y725 lk,. Expanding [[}25(C¢(Gr))k, counts tuples of distinct unoriented cycles
in G, with k; ordered cycles of length ¢ for each 3 < ¢ < m. We partition all such candidate
tuples in the complete graph K, on [n] into vertex-disjoint selections and intersecting
selections.

In a vertex-disjoint selection, the L cycle vertices can be chosen in order in (n); ways.
Because each unoriented ¢-cycle corresponds to 2¢ cyclic vertex sequences (by choice of starting
vertex and orientation) and the k, cycles of length ¢ are ordered, there are (n)r/ [[/(20)%
vertex-disjoint selections. Each requires L edges of G,,, which appear with probability (d/ n)k,
so vertex-disjoint selections contribute

n d L n m m
mﬁgw (n) - (n)LZZHBAk =€:HBA7 +0(n™").
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If at least two selected cycles share a vertex, let H be the union of all selected cycles.
Every vertex of H has degree at least 2, and at least one connected component of H contains
two distinct cycles and therefore is not a single cycle, so |E(H)| > |V (H)|. For each fixed
isomorphism type of H with v = |V(H)| < L and e = |E(H)| > v+1, there are O(n") labeled
copies of H in K,, each supporting O(1) cycle tuples and appearing in G,, with probability
(d/n)¢, giving an expected contribution of O(n*(d/n)¢) = O(n~!). Summing over the finitely
many isomorphism types for fixed m, ks, . .., k,, shows that intersecting selections contribute
O(n~1) in expectation, proving (4.1). O

For a subset of edges S C E(G), let its support be the subgraph of G spanned by S and its
incident vertices. A connected graph of minimum degree at least 2 has at least as many edges
as vertices, with equality if and only if it is a simple cycle. Thus every connected support H
of minimum degree at least 2 that is not a cycle has positive excess |E(H)| — |V (H)| > 1,
hence, for each fixed isomorphism type, G, contains a copy of H with probability O(n~!).

Lemma 4.2 (Taylor coefficients from short cycles). Fiz an integer m > 3. With probability
1—On(n™t),

Zg, (t) = O+ (a- 1)t£)Cé(Gn) (mod ¢"™*1).
(=3

Consequently, as n — oo, the Taylor coefficients (2g2(0)/j!)0<j<m converge jointly in
distribution to the corresponding Taylor coefficients att =0 of

m

[T+ (g—1H)™.

(=3

Proof. Expanding the edge product in (2.1) over subsets S C E(G) gives

Zet)y= > wStP,  w(S) =E; [] Asuo. -
SCE(G) uveS

If the support of S has a vertex v of degree 1, with unique incident edge uv € S, then averaging
over o, annihilates A, ., because each row of A sums to zero, so w(S) = 0. Moreover, w(S)
is multiplicative over connected components of the support of .S, and for an ¢-cycle its weight
is tr(AY) /q" = ¢ — 1 by (2.3).

There are only finitely many isomorphism types of connected graphs H with |V (H)| <
|E(H)| < 2m, and each has expected copy count O(n!VEl(d/n)EEN = O(n=1) in G,.
By Markov’s inequality and a union bound, with probability 1 — O,,(n~!) the graph G,
contains no such subgraph. On this event, any two distinct cycles of length at most m are
vertex-disjoint (otherwise their union would satisty |V (H)| < |E(H)| < 2m), and every edge
set S C E(G),) with |S| < m and w(S) # 0 has minimum degree at least 2 and no component
with more edges than vertices, so its support is a vertex-disjoint union of cycles of total
length at most m. If S is the union of k such cycles, multiplicativity gives w(S) = (¢ — 1)*.
Comparing coefficients of t/ for 0 < j < m proves the polynomial congruence modulo ™+

Finally, for nonnegative integers 3, . .., 2, each coefficient of [[/%5(1 + (¢ — 1)t*)** of
degree at most m is a polynomial in (x3,...,2y) via (%) = (2¢),/r!. By Lemma 4.1 and
the continuous mapping theorem [Bil99, Theorem 2.7], the degree-m Taylor truncation of
[T75(1 + (g — 1)t")Ce(Gn) converges in distribution to that of [[}s(1 + (¢ — 1)t), and the
high-probability agreement modulo ™! transfers this limit to Zgri + O
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5 Uniform complex moment bounds

We now prove a uniform first-moment bound for Zgn, which gives hypothesis (i) of Theorem 3.1
by Lemma 3.2. Throughout Section 5 and in the proof of Theorem 1.1, ¢ > 3 and 0 < d < da(q)
are fixed, and implicit constants may depend on them; Proposition 6.1 in Section 6 is stated
for every ¢ > 2 and d > 0. We bound E|Zgn (t)|] uniformly on a closed complex tube Ly,
around I = [~1/(q¢ — 1),0]. Bounding the second moment of Zg, (t) over all colorings at once
would fail because colorings with strongly unbalanced color classes distort the conditional
relative-entropy bound in Section 5.2. We therefore proceed in two stages: in Section 5.1 we
restrict the coloring sum to a balanced window B,, at an exponentially small L' cost, and in
Section 5.2 we bound the complex second moment of the restricted polynomial Zgn (t) by
comparing the two-replica edge-weight growth against the relative entropy of the overlap
matrix.

5.1 Balancing the color sum

In the second-moment calculation of Section 5.2, applying the ¢-state relative-entropy in-
equality to the conditional distribution of the second coloring given the first multiplies the
conditional entropy by the first coloring’s class fractions qa;(c), where a;(o) = [o71(7)|/n is
the proportion of vertices assigned color . To keep these factors close to 1, we fix a tolerance
9 €(0,1/(2q)) (chosen in Section 5.2) and retain only colorings in the balanced window

B, ={o€[gV'D:|ai(c) —1/q| <6 for all i € [q]}.

For an n-vertex graph G, the corresponding balanced partition polynomial is

ZGB(t) = E; l{aeBn} H (1+tAs,0,)
weE(G)

Because the indicator 1;,¢p,) does not depend on ¢, the function Zg remains a polynomial
in t.

Under the uniform distribution on [¢]", a coloring falls outside B, with probability
0(6_252”), whereas moving ¢ to complex distance 4p from the real interval I increases each
edge factor by at most 4(q — 1)p, so the expected product over edges of G,, ~ G(n,d/n) is at
most e?/2+2d(a=1)pn  Thys the rare-event probability dominates the complex weight growth
whenever

2d(q —1)p < 6°. (5.1)

Here p is a t-plane parameter (the moment bound below holds on the tube L4, of half-
width 4p), distinct from the z-plane width in Theorem 1.1. The first-moment bound (5.11)
on Ly, proved below is the hypothesis of Proposition 6.1 for the interval I, which deduces
zero-freeness on a thinner tube.

Lemma 5.1 (Pointwise remainder). Under (5.1), there exists C = C(q,d,d,p) < oo such
that, for all n,

sup E|2Gn (t) — Zgn ()] < Ce 0

teLyp
Proof. Taking absolute values inside the expectation over colorings and using independence
of o and G, separates the probability of an unbalanced coloring from its expected graph
weight: for every t € Ly,,

E|2Gn (t) — Zgn (t)| < Prolo ¢ By max Eg, H 11+ tAs,0,] -
o€ldl w€eE(Gn)
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By Hoeffding’s inequality [Hoe63, Theorem 2] applied to each of the ¢ binomial color counts
noy (o) ~ Bin(n, 1/q) and a union bound, Pry[o ¢ By] < 2ge~20°".

To bound the expected graph weight of a fixed coloring o, choose x € I = [—-1/(¢ — 1), 0]
with |t —z| < 4p. Since 1 +zA;; > 0 for x € I and |A4;;| < ¢ — 1, the triangle inequality gives

1+tAy| <1424 +4(g—1)p.

Summing A5, = ql{s,—4,)} — 1 over all unordered pairs u < v and using Cauchy—Schwarz
(L ai(o)? > 1/q) yields

n2 q la— o

Because —1/(¢ — 1) < x <0, it follows that 23", ,
edges of GG, and the inequality 1 4+ y < €Y, we obtain

As,o, < n/2. By independence of the

d
Eo, JI N+tdewl=1]] [1 + = (1 +tAsp0,| — 1)]
weFE(Gp) u<v n

< exp{d Z(zAauau +4(q - 1)10)}

u<v
d
< exp{ § + 2dlg — pln - 1)}

uniformly in o € [¢]" and ¢ € Ly4,. Combining this bound with the probability estimate
Pry[o ¢ By < 2ge~2°" and using (5.1) gives

sup E|Z(;n (t) — Zgn (t)] < 2qet/2e~ (20" ~2d(a=V)pln < 940d/2,—0%n O
tEL4p

5.2 The second-moment bound

For a fixed graph G, multiplying the balanced color average Zg (t) by its complex conjugate

expresses ]22 (t)|? as an expectation over two independent uniform colorings o, 7 € [q]"(%).
Since the matrix A has real entries,
|26B'(t)‘2 = Eo'ﬂ' 1{0’,7’6671} H (]‘ + tAO'uU'U)(]‘ + t_ATuT’U) : (52)

weE(G)

Averaging (5.2) over G,, ~ G(n,d/n) (on vertex set [n]) couples the two colorings through
their empirical overlap matrix R = (R;;); je[q, defined by

Ry= el (um) =G (e la). (53

Because Zfijzl R;; = 1, the matrix R is a probability distribution on [¢]*—namely, the
joint law of (o, 7y) at a uniformly chosen vertex v € [n]—with row and column marginal
distributions a = (;);e|q and 8 = (8;);¢|q given by

q q
0= Riy=ai(0),  f=) Rij=or).
j=1 i=1

Correlated pairs of colorings have large expected edge weight but small multinomial probability.
Two external inputs quantify this competition: the sharp relative-entropy inequality for the
Curie—Weiss—Potts model [CET05] and Agrawal’s exponential-moment bound for empirical
relative entropy [Agr20, Theorem I.3].
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Lemma 5.2 (Entropy comparison). Let uw = (1/q,...,1/q) be the uniform distribution on [q].
For every probability vector p = (p1,...,Dq),

N ‘ : _ (g—1)log(g - 1)
D(pllu) =" p;log(qpi) > ¢4 (quf - 1) v e

i=1 i=1
with 0log 0 = 0.

Proof. By the variational characterization of the Curie-Weiss—Potts free energy at the critical
inverse temperature . = 2(¢ — 1)log(q¢ — 1)/(¢ — 2) = 2qc¢q [CET05, Theorem 3.1(b),
equations (2.3) and (3.1)], the uniform distribution u minimizes D(p||u) — (8./2) >4, p? =
D(p|lu) — qeg 354, p? over the simplex. Comparing the value of this functional at p with its
value at u gives the inequality. O

Theorem 5.3 (Multinomial exponential moment [Agr20, Theorem 1.3]). Let n > 1 and
k > 2 be integers, let p = (p1,...,pr) be a probability vector with positive entries, and let
X ~ Mult(n,p). For every s € [0,1),

1

Elexp{snD(X/nllp)}] < A syF 1

(5.4)

where D(r||p) = S2F_, rilog(ri/ps), with 0log0 = 0.

Lemma 5.4 (Uniform second moment). Assume d < da(q). There exist 6 € (0,1/(2q)) and
p > 0 such that R
sup sup E|Z(B;n(t)|2 < 00.
n tEL4p

Moreover, 6 and p satisfy (5.1).

Proof. Step 1: Two-replica edge-weight bound. Fix colorings o, 7 € B,, with overlap distribu-
tion R and marginals «, 5 as in (5.3). Averaging the product over edges in (5.2) with respect
to G, ~ G(n,d/n) gives

H {1 + %[(1 +tAO'uO'v)(1 +{Am7’u) - 1]} :

u<v

To bound the modulus of each factor, apply |1+ (| < exp(R¢ +[¢|?/2). Because the bracketed
term is bounded uniformly on Ly,, the factor d/n makes each increment O(n 1), so summing

the quadratic terms over all (3) pairs contributes (3) - O(n™2) = O(1) in the exponent.

For the linear term, let E,, denote expectation over independent uniform vertices
u,v € [n] sampled with replacement, so that (oy,7,) and (o, 7,) are independent with law R.

Replacing >, ., by ”—;Eu’v adds only the n diagonal terms «w = v, changing the exponent by
% -O(n) = O(1). Since A has real entries,

REwo[(1 + tAg,0,) (1 +tArr,) — 1]

5.5
— (R Eua[ Ao ] + (R Eu[Aron, ] + 2 B[ Ao Ao ]. (55)

Because Agp = q1ly,—py — 1, the two single-replica expectations in (5.5) are nonnegative:

q q
Euv[As,0,] = an? —-1= QZ(ai - 1/Q)2 >0,
=1 =1
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and likewise E,, [Ar, 7] = qz 1(Bi—1/q)* > 0. Writing Ay, = qZgzl(l{a:i}—l/q)(l{b:i}—
1/q) shows that the two- rephca product expectation is also a sum of squares:

Bi | 1V?
EU’U[AUHUU T’LLT’U q Z - T + 72 2 O .
ij=1 q q

On Ly, we have |t| <T =1/(q— 1) +4p and Rt < 4p. Imposing 4p < T? bounds all three
coefficients Rt, Rt, and [¢|? in (5.5) by T2. Since the three expectations are nonnegative, we
may replace each coefficient by 72 and recombine the three terms using 1 + Agp = qlig=—py:

%]Eu,v[(]- + tAO'uO"u)(l + EATuT’U) - 1] < T2 Eu,v [AUuUU + ATuTv + AUquATuT’U]
- T2 E'U,,U [(1 + Ao'u0'v)<1 + ATUTU) - 1]

q
(2 S RE 1)
ij=1

Multiplying by dn/2 and absorbing the O(1) quadratic and diagonal errors into a prefactor
C < oo independent of n and t € Ly, yields

n 2 q
I{U,TGBn} exp{ dnT ( Z R ) }] (56)
i,j=1

Step 2: Relative-entropy comparison and parameter choice. For o € B, each color class
has o; > 1/q — & > 0; let p( be the conditional distribution of 7 on color class i of o,

E|ZE (1)]> < CE, .,

defined by pjz) = R;j/a;, and let U be the uniform distribution on [g]?. Since o € B,, implies
qo; <14 g6 and hence qul2 < (1 + gd)a;, applying Lemma 5.2 to o and to each conditional
distribution p(® gives, by the chain rule for relative entropy,

7 Eq: Ry —1= (qzq:a? — 1) +qzq:a? (qi@?)ﬁ— 1)

ij=1 i=1 i=1 j=1

1Jcrq5 < +Zaz ”u> (5.7)

q

1+44¢d
= 0 p(rjw).

q

IN

Substituting (5.7) into (5.6) produces the exponent dnD(R||U) with

d(1 + q6)T?
2¢q

0=

As 8,p 10, we have T — 1/(¢ — 1) and § — d/[2(q — 1)%cy] = d/d2(q) < 1. We therefore first
fix 0 € (0,1/(2¢)) small enough that

d(1+ ¢d) < da(q), (5.8)
and then choose p > 0 small enough that (5.1) holds together with

d(1 + ¢5)T?

6 p—
2¢q

<1, 4p < T2, (5.9)
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Step 3: Summation over overlaps. Combining (5.6) and (5.7) and dropping the indicator
145 7B, gives, uniformly for ¢ € Ly,

E|Z8, ()| < CEg [/ PEID] (5.10)

Under independent uniform colorings o, 7, the count matrix nR has the multinomial distri-
bution Mult(n,U) on k = ¢? categories. Since # € (0,1) by (5.9), Theorem 5.3 bounds the
right-hand side of (5.10) by C(1 — 6)~ (@~ < 0. O

We fix 6 and p as in Lemma 5.4. By Cauchy—Schwarz, E|Zgn ) < (E|Zgn (t)[*)V/2, so
combining Lemmas 5.1 and 5.4 gives

sup sup E|Zq, (t)| < oo. (5.11)
n t€L4p

This is the first-moment hypothesis of Proposition 6.1 below for the interval I.

6 Proof of Potts zero-freeness

Sections 4 and 5 provide the Taylor-truncation and moment inputs of Theorem 3.1. The
remaining requirement is that the tube carrying the moment bound lie in the domain D of
the compensated cycle model W from Lemma 3.3. Every inequality defining D holds strictly
on an interval Iy = [—s,0] with s < 1, (¢—1)s < 1, and ds? < 1, so thin tubes around such an
interval lie in D. We record the resulting criterion for all such s and every ¢ > 2, because it is
used again for the Ising antiferromagnet in Section 7 and in Appendices B and C. For r > 0,
let U,(Is) and L,(Is) denote the open and closed r-neighborhoods of I, so that U,(Is) = U,
and L,(Is) = L, when s =1/(¢ — 1).

Proposition 6.1 (Zero-freeness from a first-moment bound). Fiz an integer ¢ > 2 and
d > 0. Let 0 < s < 1 satisfy (g —1)s < 1 and ds®> < 1, and put I, = [—s,0] and
zs=(1-=(¢g—1)s)/(1+s), so that t(xs) = —s and t([zs, 1]) = I5. Suppose that, for some
r >0,

sup sup E]ZGn(t)‘ < 00. (6.1)

o teLy(Is)

Then there exists p' € (0,7/4] such that Zgn converges in distribution to the function W of
Lemma 3.3 in the locally uniform topology on Usy (1), and

Pr[Zg, (t) # 0 for every t € Ly(I;)] — 1. (6.2)
Moreover, there exists p, > 0 such that Pr[Zq, (q,z) # 0 whenever dist(z, [zs,1]) < p,] — 1.

Proof. For t € I, we have |[t| < s <1, (¢—1)|t]> < s? < 1,d[t]? < ds? < 1, and R(1 —dt) > 1.
Thus the compact interval I lies in the open set D, and we may fix p/ € (0,7/4] with
L4y (Is) C D. Apply Theorem 3.1 on the connected open set Q = Uy, (1) with compact set
K = L, (), expansion point tg = 0, random functions f, = Zg, for n > ng = [d], and limit
f =W. Condition (i) holds by (6.1) and Lemma 3.2, since every compact subset of 2 lies
in Lay(Is) € L,(I5). For condition (ii), let £ > 1 and m = max{k — 1,3}: by Lemma 4.2,
the Taylor coefficients of Zgn at t = 0 through degree m converge jointly in distribution to
those of [[7%5(1 + (¢ — 1)t*)*, which coincide almost surely with those of W by Lemma 3.3.
Condition (iii) holds because W is almost surely nowhere zero on D O K. Theorem 3.1 now
gives the convergence in distribution and (6.2).

To return to the original parameter z, recall that Zg(q,z) = ¢V(@lb(2) B Z4 (1 (2))
by (2.2), where b(z) = (z +q—1)/q¢ > 0 and t(x) € I, for x € [xs,1]. By continuity of b
and ¢ near [z,, 1] and compactness, there exists p, > 0 such that b(z) # 0 and ¢(z) € Ly(I;)
whenever dist(z, [xs, 1]) < p,. On the event in (6.2), Zg, (¢, z) # 0 for all such z. O
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Proof of Theorem 1.1. Let s = 1/(q — 1), so that Iy = I and x5 = 0. Then s < 1/2,
(q—1)s =1, and ds®> = d/(q — 1)?> < 1 by d < da(q) and (3.3). The bound (5.11) is (6.1)
with 7 = 4p, so Proposition 6.1 gives p’ € (0, p] such that (6.2) holds on L,(I), and p, > 0
such that Zg, (¢,2) # 0 for all z € K, with probability tending to one. This is Theorem 1.1
with p = p.. O

7 Ising and Viana—Bray zero-freeness

We now prove the zero-freeness assertions of Theorem 1.5 by applying Proposition 6.1
(antiferromagnet) and Theorem 3.1 (spin glass) to the normalized two-state polynomial
Zg,.s(t) in (1.3). Unlike the ¢ > 3 Potts calculation of Section 5, no balanced-window
truncation is needed for two spins: both complex second-moment bounds reduce directly to
the quadratic exponential moment of a sum of independent Rademacher variables. In the
unsigned antiferromagnet, Holder’s inequality decouples the two single-replica magnetizations
and the overlap magnetization. In the Viana—Bray spin glass, averaging over the quenched
edge signs cancels the single-replica terms identically and gives the explicit bound

E|Za, ()] <1 —dt)~?  (n>d, dt> <1).

In the short-cycle expansion, each unsigned ¢-cycle contributes 1 + t¢, whereas random edge
signs split the ¢-cycles into unfrustrated and frustrated cycles contributing 1 + t¢ and 1 — ¢¢
with independent Poisson counts of equal mean d/(4¢), whose deterministic linear terms
cancel without exponential compensation.

Proof of the zero-freeness assertions of Theorem 1.5. Step 1: Rademacher quadratic expo-
nential moment. For a sum S = >.1'_; &, of n independent uniform signs &, € {—1,1},
introducing an independent standard normal variable g ~ A/(0,1) and using Ey[e¥%9] = ev?/2,
independence of the signs, and cosh z < e®/2 for z € R gives, for every 0 < A < 1,

B0 =B, [(cosh(gy /)| S B[] =0 -0 (n

Step 2: Antiferromagnetic Ising zero-freeness. Write I,, = I, 1 and let o, 7 € {—1,1}" be
independent uniform spin configurations. Define the overlap configuration n, = 0,7, € {—1,1}
and the spin sums Sg = > 7' &, for £ € {0, 7,1}; marginally, each S¢ is a sum of n independent
uniform signs. For n > d, taking the expectation over G,, ~ G(n,d/n) edge by edge gives the
exact identity

d _
E|In(t)|2 = EO’,T [H {1 + E (to'uo'v + Ty Ty + |t|277u77v) }] .
u<<v

Fix T' < oo and suppose [t| < T'. Taking absolute values inside E, » and applying |1 + w| <
exp(Rw + [w]?/2) to each of the (}) factors bounds the sum of the O(n~?) quadratic terms
over all pairs u < v by a constant depending only on d and T". Using >, ., &uéo = (5’52 —n)/2
for ¢ € {o,7,n}, absorbing the O(1) quadratic and diagonal terms —dRt — d|t|?/2 into
C =C(d,T) > 1, and bounding Rt above by (Rt)+ = max{}t,0} yields

d
E|1,(t)]> < CEq. {exp{% [(ﬂ%t)+(5§ +82) + \tpsg] H .
Set A = d(|t|> + 2(Rt)+). Whenever 0 < A < 1, applying (7.1) directly when (Rt), = 0, or
Holder’s inequality with weights d(Rt); /A, d(Rt)4 /A, and d|t|?/A together with (7.1) when

(Rt)+ > 0, gives
ElL@<c-M)" (n>d),
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and the same inequality holds at A = 0 (¢t = 0) since ,,(0) = 1.

Under the identification [2] < {—1,1}, I,(t) is the ¢ = 2 case of Zg, (t) in (2.1),
the map ¢(z) = (¢ — 1)/(z + 1) is the ¢ = 2 case of the transformation of Section 2.1,
and (1.4) is the ¢ = 2 case of (2.2). Given 0 < z, < 1 with d((1 — z.)/(1 + z.))? < 1, put
s=—t(x.) = (1 — ) /(1 +z4) € (0,1), so that ds®> < 1 and z5 = (1 — 8)/(1 + s) = x4, and
choose 7 € (0,1 — s) with d((s + )% +2r) < 1. If dist(, [~s,0]) < 7, then [t| < s+ 7 and
(Rt)y <7, s0 A <d((s+7)?+2r) <1 and the bound above, with T = s 4 r, is uniform
on this closed tube. By Cauchy-Schwarz, I,, = Zg, therefore satisfies (6.1) with ¢ = 2, and
Proposition 6.1 supplies p, > 0 such that, with probability tending to one, Zg, (2,2) # 0
whenever dist(z, [z, 1]) < p,. This is the zero-freeness assertion of Theorem 1.5(i) with
P =Pz

Step 3: Viana-Bray spin-glass zero-freeness. Now write I, = Ig, s and 74 =
min{1, d—v/ 21, Averaging each two-replica edge factor (1 + tJu,0u,00)(1 + tJuuTuTy) over
the uniform sign J,, € {—1,1} eliminates the linear terms in Jy, and leaves 1 + [t|*n,n,,
where 1, = 0,7,. Put S = 37 n,. For n > d and d|t|?> < 1, each edge factor satisfies
1+ (d/n)|t|*nune > 1 — d|t|*/n > 0; averaging over the graph and signs and using 1 +y < e

for y € R, 3 co Mute = (S? —n)/2 < 5?/2, and (7.1) gives

d
11 (1 + |t|277um)
n

u<v

2 262 /(9p, B
E’In(t” = En[ < ]En [€d|t\ S2/(2 )] < (1 o d‘t‘Q) 1/2 )

By Cauchy-Schwarz and Lemma 3.2, (I,)p>n, With ng = [d] satisfies condition (i) of
Theorem 3.1 on the open disk {2y = {t € C: |t| < 74}

In the edge-subset expansion of I,(t), leaf supports again vanish, while an ¢-cycle C
has [],,ep(c) ouow = 1 for every spin configuration o and therefore contributes the factor
1+ J(C)t!, where J(C) = [lecrc) Je € {—1,1}. Let C be the number of (-cycles of G,
with J(C) = £1, and let (P;', P, )s>3 be independent with P;~ ~ Pois(d’/(4¢)). Fix m > 3.
The proof of Lemma 4.2, with the cycle weight ¢ — 1 replaced by J(C'), shows that with
probability 1 — O,,(n~!) the cycles of length at most m in G,, are vertex-disjoint and

m
L) = [[O+9% 1 —9%  (mod £+,

=3
This event depends only on G,,, and on it distinct short cycles share no edge, so given G,
their signs are independent and uniform. Hence, for bounded f, Ef ((C’j O )e<m) =
Ef((Co(Gn))e<m) + Om(|| flleon ™), where f(c) averages f over independent uniform signs
attached to ¢ cycles of each length ¢. Since f is bounded on the discrete set {0,1,2,...}7m 2,
Lemma 4.1 gives Ef((C¢(Gn))e) = Ef((P)¢), and this limit is Ef((P;", P, )¢<m) by Poisson
thinning: if P ~ Pois(\) items receive independent uniform signs, the numbers of positive
and negative items have joint generating function eM(@+¥)/2=1) — Ax=1)/2.Ay-1)/2 Ag in
the last paragraph of the proof of Lemma 4.2, the Taylor coefficients of I,,(t) at ¢ = 0 through
degree m therefore converge jointly in distribution to those of

QB = [J(+ 97 (-9 .
=3

On any closed disk |t| < 7' < rq, write P, log(1 + t*) + P; log(1 — t*) = (P,” — P,)t* +
P log(1 +t) — Y] + P, [log(1 — t¢) + t*]; because P,” and P,” have equal mean d‘/(4£), the

deterministic linear terms cancel and, as in (3.5),
- l Y4 d* V4 dﬁ 20
E|> sup | log(1+t") + P, log(1 —t")] ﬁ(r’) —i—ﬁ(r') < 0.

=3 [t|I<r!

<C)y.
=3
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Exponentiating the sum of this series, and setting the result equal to 1 on the null event where
the series fails to converge locally uniformly on (s, defines a random holomorphic function
on ), that is almost surely nowhere zero and whose Taylor coefficients at t = 0 through
degree m almost surely match those of Q%8 since the terms with ¢ > m are O(t™*1), as in
Step 2 of the proof of Lemma 3.3. Given 8, > 0 with dtanh? 3, < 1, we have tanh 3, < rg;
fix r € (tanh S, rq). Applying Theorem 3.1 on Qg with this limit function, expansion point
to = 0, and compact set {|t| < r}, where condition (ii) holds for each k£ > 1 by the above
with m = max{k — 1,3} as in the proof of Proposition 6.1, shows that Z¢, s(t) # 0 on [t| <r
(and in particular on [¢| < tanh ) with probability tending to one. Because cosh 8 > 1 and
| tanh | < tanh B, < r on [/, B4], continuity and compactness yield p = p(d, B«) > 0 such
that cosh 8 # 0 and |tanh 5| < r whenever dist(3, [—fs, 8«]) < p. By (1.5), on the same
high-probability event, Zgg ;(8) # 0 throughout that closed p-neighborhood. O

8 Counting from zero-freeness

We count with the normalized polynomials that Sections 6 and 7 proved zero-free. In the
variable ¢ all three are polynomials (the Viana-Bray partition function is entire in 3, but Zg s
is a polynomial in ¢ = tanh ), and their zero-free regions are tubes and disks. Given these
regions, Barvinok’s interpolation method [Barl6, PR17] reduces counting to computing the
first O(log(n/e)) logarithmic Taylor coefficients at t = 0. We give this coefficient algorithm
first and then the interpolation step.

Subset Mobius inversion decomposes logarithmic coefficients over connected induced
subgraphs [SEHH66]. Since G(n,d/n) has unbounded maximum degree, bounded-degree
coefficient algorithms [L.SS19, PR17, PR19, YYZ22] do not directly give polynomial run-
ning time. We enumerate connected vertex sets and compute each contribution from the
configuration sum; Cayley’s tree bound controls the number of these sets on G,,.

Fix ¢ > 2. For a finite graph H with edge signs J = (Jup)apepm) € {1, 1YEWH) | put

PH7J(t) = Ea H (1 + tJabAaaab) ) (81)
abeE(H)

where ¢ is uniform on [q]V(H); here J, is the sign of the edge ab, not an entry of the
all-ones matrix J of Section 2.1. With all signs equal to 1, Py, = ZH by (2.1). For ¢ = 2,
the identification [2] <+ {—1,1} gives Ay, 0, = 040p, S0 Py = Zy ; by (1.3). An induced
subgraph keeps the signs of its edges. Since Pp ;(0) = 1, its logarithm is a formal power
series without constant term, and we define the logarithmic coefficients ¢;(H), which also
depend on ¢ and J, by

log Py s (t) = Z@-(H) t. (8.2)

Jj=1

Each (;(H) is rational. To isolate the contribution to ¢;(H) that uses every vertex of H,
define the vertex Mobius weight

wi(H) = Y (~=yVUDETg (H(T)) (8.3)
TCV (H)
Multiplicativity of Py ; over connected components makes w;(H) vanish on disconnected

graphs. The degree-j terms involve at most j edges, so they touch at most 25 vertices. These
two facts give the following decomposition.

Lemma 8.1 (Local decomposition). For every finite graph G with edge signs and every
integer j > 1,

4(G) = > w; (G[S]) - (8.4)
SCV(G), 1<]9]<25
G[S] connected
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Proof. By Mobius inversion on the subset lattice of V(G), we have £;(G) = 3 gcv () wi (G[S)),
and the term S = & vanishes because Pgg) s = 1. It remains to show that w;(H) = 0 if H is
disconnected or if |V (H)| > 2j.

First suppose H = H; U Hy with V(H),V(Hs2) # @. Multiplicativity of Pg, ; implies
C(H[T)) = ¢;(HL [T NV (Hy))) + 4(H2 [T NV (Hy)]) for every T'C V(H). In (8.3), summing
the first term over TNV (Hy) C V(Hsz) and the second over TNV (H;) C V(H;) gives zero
in both cases, so w;j(H) = 0.

For the support bound, expand the edge product in (8.1): Pp (t) = X pcpm) w(F)
where w(F') = Eq [[er JabAoao, depends only on F' and its signs, because the colors are
independent and uniform. Writing log Py j = >~ (—1)" i~} (Py s — 1)*, each contribution
to the degree-j coefficient is indexed by a tuple of nonempty edge sets Fi, ..., F; C E(H)
with 22:1 |[Fy| = j, and its weight (—1)"""~![[, w(F,) does not depend on the ambi-
ent graph. The union of their endpoints U = |J, V(Fy) has size at most 2j, and the
tuple occurs in ¢;(H[T]) exactly when U C T. In (8.3), its net coefficient is therefore
ZUQTQV(H)(—l)W(H)‘_‘T', which vanishes unless U = V(H). Consequently w;(H) = 0
whenever |V (H)| > 2j. O

tFl

Let N4(G) denote the number of connected vertex subsets S C V(G) of size s. An
exponential bound on Ng(Gy,) in s suffices because j < k = O(log(n/e)) in the interpolation
step.

Lemma 8.2 (Connected-set counts). For every fived B > 2e(d+1), with probability 1—O(n~")
over G, ~ G(n,d/n), simultaneously for all integers s > 1,

Ny(G,) < n’B°. (8.5)

Proof. Every connected subgraph on s vertices contains a spanning tree. By Cayley’s
formula, there are 5572 trees on a fixed s-vertex set, so for s > 2 we have E[Ny(G,)] <
(M)s*72(d/n)*~1 < nle(d+1)]*, and the final bound also holds trivially for s = 1. By Markov’s

inequality and a union bound over s > 1, the probability that (8.5) fails for some s > 1 is at
most n 'Y 5 (e(d+1)/B)* = O(n™1). O

To guarantee polynomial running time on every input graph G (not only on typical
realizations of Gy,), we fix an integer B > 2e(d + 1) and impose (8.5) as a deterministic
stopping rule: the enumeration halts and reports failure as soon as the layer of connected
vertex sets of size s exceeds n?B*. By Lemma 8.2, this stopping rule is inactive on G,, with
probability 1 — O(n™1).

Lemma 8.3 (Exact coefficient oracle). Fix integers q,B > 2. There exist a constant
C = C(q,B) and a deterministic algorithm which, given an n-vertex graph G with edge
signs J and an integer k > 1, runs in time poly(n, k)C*, with all intermediate rationals of bit
length poly(n, k), and either outputs the exact rational numbers {1(QG), ..., Lk(G) or reports
failure. If Ng(G) < n2B? for every s > 1, the algorithm does not report failure.

Proof. We enumerate connected vertex subsets S C V(G) layer by layer for s =
1,...,min{2k,n}. Layer s = 1 consists of the n singletons. Given layer s — 1, we
form layer s by adjoining to each accepted set S of size s — 1 every vertex v € V(G) \ S’
adjacent to S’, deduplicating the resulting sets and aborting immediately if the number of
distinct sets in layer s exceeds n?B®. Since every connected graph on s > 2 vertices has a
spanning tree leaf whose removal leaves a connected graph on s — 1 vertices, this breadth-first
expansion finds every connected set of size s. Because each of the at most n2B*~! sets in
layer s — 1 has at most n extensions, constructing or aborting at layer s takes poly(n, k)B%
operations.
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For each accepted connected set S of size s < 2k and each subset T' C S, enumerate all ¢l7!
colorings o of G[T']. Each edge factor 14+tJuAs, s, has the form 14ct with ¢ € {£1,+(¢—1)},
so o contributes ¢TI [T.(1 + ¢t)® to Peir,s(t), where e, is the number of edges ab of G[T]
with JuyAs,0, = ¢, and the first k + 1 coefficients ao(T') = 1,a1(T), ..., ax(T) of Pgp), s are
computed from binomial coefficients. Logarithmic differentiation of (8.2) gives the recursion

j—1
G(EIT) = o)(T) == L rblGTDaoT) (1< <E).
r=1

This recursion takes O(k?) arithmetic operations. Since Y rcg /™! = (¢ + 1)%I, computing
w;(G[S]) via (8.3) for all 1 < j < k takes poly(k)(¢g + 1) operations per connected set S.
Summing (8.4) over all accepted sets of size s < 2j yields ¢1(G),...,l,(G) in total time
poly(n, k)[B(q + 1)]?*, with all intermediate rationals having bit length poly(n, k). Indeed,
a,(T) € ¢ MZ and |a.(T)| < (2k*(q — 1))", so by induction on j the recursion gives
¢(GIT)) € (5! @1 71Z and |¢;(G[T))| < (4k?(g — 1))?; each w;(G[S]) is a signed sum of at
most 4F such numbers, and £;(G) is a sum of at most 2kn?B?* numbers w;(G[9]). O

The interpolation step is Barvinok’s method [Barl6] in the form given by Patel and
Regts [PR17]. If a polynomial p with p(0) # 0 has no zeros in the open disk of radius M
about 0 and |t;] < M, then the exponential of the degree-k Taylor polynomial of logp
at 0, evaluated at ¢;, is a multiplicative e-approximation to p(¢;) in the sense of [PR17,
Definition 1.1] once k > max{1,log(deg(p)/e)}/(1 — |t1|/M), by the bound (8) in the proof
of [PR17, Lemma 2.2] (cf. [PR17, Corollary 2.3]). For zero-free tubes around a segment, we
use Barvinok’s polynomial from [PR17, Lemma 4.3], denoted there by ¢, and here by ¢s: for
d € (0,1) it satisfies ¢5(0) = 0 and ¢5(1) = 1, and it maps a disk of radius Ms > 1 about 0
into {w € C: —6 < Rw <1426, |Sw| < 26}, whose points lie within distance 21/28 of [0, 1].

Proposition 8.4 (Counting from zero-freeness). Fix d > 0 and an integer ¢ > 2, and let
Gy, ~ G(n,d/n).
(i) Let xo € [0,1), and suppose that, for some ¢ > 0, with probability tending to one 2(;"
has no zeros within distance o of t([xg,1]) = [t(x0),0]. Then there exist a constant
C = C(q,d,x0,0) and a deterministic algorithm which, given an n-vertex graph G,
z € [x0,1], and € € (0,1), runs in time O((n/e)€) and outputs a number Z satisfying,
with probability tending to one over G,

(1—e)Za,(q,2) < Z < (1+¢)Zg,(q )

simultaneously for all x € [z, 1] and € € (0,1).

(ii) Let q = 2, let J assign independent uniform signs to the edges of Gy, let B, > 0,
and suppose that, for some r > tanh 3., with probability tending to one Zg, ;j has no
zeros in {|t| < r}. Then the conclusion of (i) holds for ng,J(B) in place of Zg, (q,x),
simultaneously for all B € [— By, Bs] and e € (0,1), with C = C(d, B«,r), for an algorithm
that also receives the signs J, and with probability tending to one over (G, J).

Proof. Fix an integer B > 2e(d + 1), and let G,, be the intersection of the event (8.5), which
has probability 1 —O(n~!) by Lemma 8.2, with the zero-free event of the hypothesis. Neither
event depends on the target parameter or on €. Given the input, the algorithm runs the oracle
of Lemma 8.3 with & = O(log(n/e)) chosen below, which takes time O((n/e)¢) on every
input, and outputs 0 if the oracle reports failure or if the real number © whose exponential
it forms below (the value at w = 1 of the degree-k polynomial in (i), resp. >, 0 (Gt
with the computed approximation £ of tanh 3 in (ii)) satisfies |©| > n3; on G, it obtains
0(G), ..., 0L(G). Write m = |E(G)| < n?.
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For (i), let p = Z¢ (all signs equal to 1), t; = t(x) € [t(z0),0], and § = min{p, 1/2}/3.
Then g(w) = p(t1¢s5(w)) is a real polynomial of degree at most m deg(¢s) with g(0) =1 and
g(1) = p(t1). On G, it has no zeros in {|w| < Ms}, because t;¢s(w) lies within distance
21/26t1| < o of [t1,0] C t([zo,1]). Since ¢5(0) = 0, the first k& Taylor coefficients of log g
at 0 are obtained by substituting ¢1¢s(w) into >, £;(G)t and truncating, as in the proof
of [PR17, Theorem 1.2]. By the estimate above with M = Mjs at the point 1, the exponential &
of the resulting degree-k polynomial at w = 1 is a multiplicative (¢/4)-approximation to p(t1)
for some k = O(log(n/e)). All coefficients are real and p(t;) > 0, so &/p(t1) € [e~</4, e/4].
By (2.2), ¢"b(z)™¢ approximates Zg(q, ) within the same factor.

For (ii), let p = Zg,y and t; = tanh 3. On Gy, p has no zeros in {|t| < r} and |t;] <
tanh 3, <7, so the estimate applies directly with M = r, and k£ can be chosen independently
of 3 because 1 — [t1]/r > 1 —tanh B, /r: the exponential § of Y-, £;(G)t] is a multiplicative
(¢/4)-approximation to p(t;), and again &/p(t;) € [e=¢/%,e/%]. By (1.5), 2"(cosh 3)™¢
approximates Z\G/E(B) within the same factor.

In both parts the algorithm outputs a number within relative error /4 of ¢"b(x)™&, resp.
2" (cosh 3)™€, so its ratio to the target lies between (1 —¢/4)e /4 > 1—c and (1+¢/4)es/* <
1 4 e. All exponentials are evaluated by truncated Taylor series after halving the argument,
and tanh 3 = (e?? —1)/(e* + 1) and cosh 8 = (e + ¢7#)/2 are formed from them. In (ii)
the algorithm computes u = (1 4 n) with || < min{1/2,¢/(16 max{1, >, jl¢;(G)[})}
and puts £ = (u — 1)/(u + 1); then = tanh(8 + % log(1 + 1)) € (—1,1) and | — tanh | <
[nl, which changes 37, £;(G)t/ by at most £/16. It also computes cosh 3 to relative
error £/(16 max{m,1}), and in both parts it computes e® to relative error £/16; since
e*/16(1 4 £/16)(1 + ¢/ (16 max{m, 1}))™ < /16 <14 ¢/4 and (1 —£/16)> > 1 — £/4, this
gives the relative error £/4 used above. This takes poly(n, k,log(1/¢)) operations: the bound
required of |n] is at least 2~ POY(K)c by the bit lengths of the oracle’s outputs, and |©] < n?,
so that O(logn) halvings and squarings suffice.

On G,, and for n > ny(q, xo, Bx), the algorithm never outputs 0 because of the condition
|©] > n3: there |© — logp(t1)| < 1, and |logp(t1)] = O(n?) by (2.2) and (1.5), since
(1 =1/9)™ < b(x)™ < 1, Zg(q,z) < ¢", Zg(q,z) > ¢"zf' if z9 > 0, and Zg(q,z) >
Zc(q,0) > 1if 29 = 0 (the coefficients of Z(q,-) are nonnegative, and the integer Zg(g,0)
is nonzero on G, ), while one—Bm < Zg%(ﬁ) < 2P and 1 < cosh B < eP*. Time counts
arithmetic operations. For rational target parameters and ¢ of bit length L, every number
above has bit length polynomial in n, k, and L, so the number of bit operations is O((n/e)%)
times a polynomial in L; in this case we replace the parameter 1 — e~1/9 of ¢5 by a nearby
rational number, which keeps ¢5(0) = 0 and ¢s(1) = 1 and, by continuity in that parameter
and since 2v/26 < p, keeps the image of the disk at distance less than o from [0, 1]. O

Proof of Theorems 1.2 and 1.5 (counting). In the proof of Theorem 1.1, Proposition 6.1
gives (6.2) on L, (I) for some p’ > 0. Proposition 8.4(i) with g = 0 and ¢ = p’ therefore gives
Theorem 1.2, with C'= C(q,d). In Step 2 of Section 7, Proposition 6.1 with ¢ = 2 gives (6.2)
for Zg, = I, on a closed tube of some width p' > 0 around ([, 1]). Proposition 8.4(i)
with g = x, and ¢ = p’ therefore gives the counting assertion of Theorem 1.5(i), with
C = C(d, zy). In Step 3 of Section 7, Z¢,, s has no zeros in {|t| < r} for some r € (tanh S, ry)
with probability tending to one. Proposition 8.4(ii) therefore gives the counting assertion of
Theorem 1.5(ii), with C' = C(d, B4). O

A Colorability consequences

Proof of Corollary 1.53. Set a =1/2+n and gy = ad/logd. Since da(q) ~ 2qlogq as ¢ — oo,
we have da(qp)/d — 2a > 1 as d — oo. Direct differentiation shows that dy is strictly
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increasing on [3,00), so every integer q > qq satisfies d < da(q) for all sufficiently large d. [

Proof of Corollary 1.4. For ¢ =1, return 1 if G is edgeless and 0 otherwise. For ¢ = 2, return
2¢(G) if @ is bipartite and 0 otherwise, where ¢(G) is the number of connected components
of G. For ¢ > 3, compare our zero-freeness threshold ds(q) with the sufficient noncolorability
threshold dnc(q) = (2¢ — 1) log ¢ of Achlioptas and Naor [AN05, Theorems 1 and 2]:
o if d < da(q), apply the algorithm of Theorem 1.2 at x = 0;
o if d > dye(q), output 0, which is exact on the high-probability event that G, is not
g-colorable [ANO5, Theorems 1 and 2].
The remaining integers ¢ > 3 are those for which d € [d2(q),dnc(q)). Because dyc(q) is
increasing in ¢ and ,
2q° log q
da(g+1) = Fol
the intervals [d2(q), dnc(q)) for ¢ > 3 are pairwise disjoint. Hence at most one integer gq > 3
can fall into this uncovered range; if none does, ¢4 may be chosen arbitrarily. Here ¢ and d
are fixed before n — 0o, and the constant-zero algorithm applies only at the proper-coloring
endpoint x = 0, since Zg(q,z) > 0 whenever x > 0. O

> 2qlog q > dye(q),

B Positive-temperature intervals

Proof of the extension in (1.2). In the second-moment bound of Section 5.2, the parameter
interval enters the entropy comparison (5.9) only through the maximum modulus of ¢ on the
interval. On the positive-temperature subinterval [z, 1] C (0, 1], this maximum modulus is
s=|t(xo)| = (1 —x0)/(q — 1+ z0) < 1/(q— 1), so the condition d < da(q) = 2(q — 1)?c, is
relaxed to ds? < 2c¢,, which is (1.2). In the notation of Section 6, t([xg, 1]) = I; and x5 = .

Fix § € (0,1/(2q)) with d(1 + ¢6)s® < 2¢,, and then choose p > 0 small enough that (5.1)
holds and T' = s+ 4p satisfies (5.9). Section 5 uses the condition d < da(g) only to make 6 < 1
n (5.9), which here holds by the choice of § and p. Since Ly,(I5) C L4,, Lemma 5.1 applies
on Ly,(I5). On Ly,(I5) we have || < T and Rt < 4p < T2, which are the only properties
of the tube used in Steps 1 and 2 of the proof of Lemma 5.4, so that proof applies with
this 7. By Cauchy-Schwarz, sup,, super,,, (1) E|Zgq, (t)| < 0o. Since 0 < s < 1/(g—1) < 1/2
and ds? < 2¢; < 1 by (3.3), Proposition 6.1 with r = 4p gives p’ € (0, p] such that, with
probability tending to one, ZG" has no zeros in Ly (I,), and also a fixed-width zero-free
neighborhood of [z, 1] for Zg, (q,-). Proposition 8.4(i) with this xy and ¢ = p’ then gives
the claimed FPTAS simultaneously for all z € [xo, 1] and € € (0, 1). O

C Extension to the condensation threshold

This appendix adapts the overlap-concentration strategy of Chen, Wang, and Zhang [CWZ26,
Section 4] to G(n,d/n) and extends Theorems 1.1 and 1.2 from da2(gq) up to the Potts con-
densation threshold, including the proper-coloring endpoint. We obtain the overlap estimate
from the planted free-energy bound of [CKPZ18, Proposition 3.6] by adding independent
Poisson edges; the corresponding estimate in [CWZ26, Section 4.3] uses random pinning.
To state the threshold, fix ¢ > 3 and recall from Section 2.1 that b(z) = (2 + ¢ — 1)/q,
t(z) =(z—1)/(#+q—1), and A = qIld — J. For z € C\ {—(q¢ — 1)}, define the ¢ x ¢
symmetric normalized edge matrix M, = J + t(z)A, so that M.(a,b) = 1 + t(z)Aq has
diagonal entries z/b(z), off-diagonal entries 1/b(z), and row sums ¢. Let P, denote the
set of probability distributions v on the probability simplex {u € [0,1]7 : >3, p, = 1}

26



with mean E,,[u] =u = (1/q,...,1/q). For r > 0, z € [0,1), and independent samples
U1, 42, ... ~ v € Py independent of D ~ Pois(r), set

D

a=11

Because E[(Mgp;)a] = (Mzu), = 1, we have E[V;] = 1 for every k& > 0, E[DVp]| = r,
and E[E;| = 1. Subtracting log ¢ + (r/2)logb(z) from the Potts Bethe functional of Coja-
Oghlan, Krzakala, Perkins, and Zdeborova [CKPZ18, equation (1.2)], with ¢ = 1 — z, gives
the normalized functional and the Erdés—Rényi Potts condensation threshold of [CKPZ18,
equations (1.5) and (1.7)]:

Vk = (Mmﬂi)a , E, = ,U‘IM{L',U‘Q .

k
=1

| =

U, .(v) =E[VplogVp] — g E([E, log E,] ,

(C.1)
deona(g, @) = inf{r > 01 sup W, ,(v) > 0},
vEPu

with 0log0 = 0. At the proper-coloring endpoint = = 0, dcond(g,0) = (2g — 1) logg — 2log2 +
04(1) [COV13, BCOH™16]; see also the discussion following [CKPZ18, Theorem 1.2].

Theorem C.1 (Potts zero-freeness and counting up to condensation). Fiz an integer ¢ > 3,
zy €10,1), and 0 < d < deond(q, ), and let G, ~ G(n,d/n). There exists p = p(q,d,xs) >0
such that

Pr[Zq, (q,z) # 0 whenever dist(z, [z«,1]) < p] — 1.

Consequently, there exist a constant C = C(q,d,xz.) and a deterministic algorithm which,
given an n-verter graph G, x € [z, 1], and € € (0,1), runs in time O((n/e)%) and outputs a
number Z satisfying, with probability tending to one over G,

(1-2)Za,(¢:2) < Z < (1+€)Za, (¢, )
simultaneously for all x € [z, 1] and € € (0,1).

The case =, = 0 contains Theorems 1.1 and 1.2 because da(q) < dcond(g,0). Indeed,
let d < da(q). Proposition 6.1, as applied in the proof of Theorem 1.1, gives 2Gn — W in
distribution, locally uniformly on a neighborhood of I 5 —1/(¢ — 1), and W(—1/(q — 1)) #
0 almost surely by Lemma 3.3, since I C D by the proof of that proposition. Hence
Za, (¢,0) > ¢oq"(1 — 1/¢)!P(Gn)l with probability bounded below, for some ¢y > 0; since
|E(G)| < dn/2 +n?/3 with high probability, the second assertion of [CKPZ18, Theorem 1.2]
excludes d > d¢ondq(q,0).

In the main text and Appendix B, the condition d < da2(q) (or (1.2)) enters only through
the uniform complex first-moment bound of Section 5 (namely (5.11), or its analog on Ly,(I;)
in Appendix B) and through the inequality dt(z)? < 1 at the left endpoint z = 0, resp.
x = xg, which it implies by (3.3). For general d < dcondq(q, z+), the global second-moment
estimate of Section 5 no longer covers the target parameter range because rare graphs with
large partition function inflate E|Zg, (£)|2, yet below condensation their contribution to the
first moment remains negligible. Theorem C.1 therefore reduces directly to the following
first-moment estimate.

Proposition C.2 (Complex first moment below condensation). Fiz an integer ¢ > 3,
7. €10,1), and 0 < d < deona(q, z+), and let Gy, ~ G(n,d/n). Then dt(x.)? < 1, and there
exists an open neighborhood W C C\ {—(q — 1)} of [z+, 1] such that

sup sup E|Zg, (t(2))] < oo. (C.2)
n zeW
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Proof of Theorem C.1 from Proposition C.2. Put s, = [t(z4)], so that I, = t([xs,1]) and
Zs, = T4 in the notation of Proposition 6.1. Then s, > 0 because z, < 1, (¢—1)s, < 1 because
xs > 0, s0 s, < 1, and ds? < 1 by Proposition C.2. Since t is a Mobius transformation,
t(W) is an open neighborhood of I ; hence L,(I;,) C t(W) for some r > 0, and (C.2)
gives (6.1). Proposition 6.1 therefore gives p’ > 0 such that, with probability tending to
one, Zgn is zero-free on Ly (Is,), and p, > 0 such that, with probability tending to one,
Za, (q,z) # 0 whenever dist(z, [z, 1]) < p,; this is the first assertion of Theorem C.1 with

p = p.. Proposition 8.4(i) with 2o = z, and ¢ = p’ gives the stated algorithm. O

To prove Proposition C.2, we work on ordered Poisson multigraphs and transfer to
G(n,d/n) by conditioning on simplicity and comparing likelihoods. For s > 0, let P,
be the law of an ordered Poisson multigraph G = (Nuv)(u,v)e[nP with independent edge
counts Ny, ~ Pois(s/(2n)) on all ordered pairs (u,v) € [n]?, including loops, so that
m = |E(G)| = 3, Nuw ~ Pois(sn/2). For z € C\ {—(q — 1)}, define

U)G7z(0') = H MZ(UU7 Uv)Nuv y FG(Z) = qin Z wG’,Z(U) . (C?’)

(u,v)€[n]? o€lgl”

Whenever G is simple (N, = 0 for all uw and Ny, + Ny, € {0,1} for all u < v) with underlying
undirected graph G, symmetry of M, gives Fg(z) = Z@(t(z)); moreover, wg,z = Wq,, since
M; = M.,. Let E,, Es 7, Prs, and Pr, - denote averages and probabilities over independent
uniform colorings o, 7 € [¢]". Write (o) for the color-proportion vector of o, call a point
z € (0,1] a real anchor, and at a real anchor z set r(0) = Ssnt(z)g||a(o) —ul|3 < 0. Poisson
averaging and Jensen’s inequality give

Ep, [wea(0)] = e, Ep [Fa(x)] = E[e] € [e*/2,1], (C.4)

since E,[q|la(o) —ulj3] = (¢ — 1)/n and t(z)(q — 1) € (—1,0].

Proposition C.2 rests on two Poisson-multigraph lemmas: the first records monotonicity
and the Kesten—Stigum bound for d.,nq and extracts the planted free-energy input below
condensation from [CKPZ18], and the second converts that input into a local uniform complex
first-moment bound.

Lemma C.3 (Planted free energy below condensation). Fiz an integer ¢ > 3. The threshold
2 > deona(q, ) is nondecreasing on [0,1) and satisfies deona(q, ) < t(z)~2. Moreover, for
every x € (0,1) and 0 < s < deond(q, ),

Ep, [Fo(x)log Fa(z)] = o(n) . (C.5)

Lemma C.4 (Poisson complex first-moment transfer). Fiz an integer ¢ > 3, x. € [0,1),
and d > 0 with dt(z+)? < 1, and let A € (0,d) be such that (C.5) holds at s = d + A for
every x € (0,1) N [z4,1). Then every y € [z, 1] has a bounded open neighborhood O, with
0, C C\ {—(qg—1)} such that, for some ny, > 1,

sup sup Ep, [¢™"|Fg(2)|] < oo. (C.6)
n>ny 2€0y

Proof of Proposition C.2 from Lemmas C.3 and C.4. By Lemma C.3, d < deond(q,z+) <
t(x.)72, so dt(x.)? < 1. Fix A € (0,min{d, deonda(q,7+) — d}). For every z € [z, 1),
monotonicity in Lemma C.3 gives d + A < deona(q, ), so (C.5) holds at s = d + A whenever
z € (0,1) N [z4,1). Lemma C.4 therefore supplies, at every y € [z, 1], a bounded open
neighborhood O, and a threshold n, satisfying (C.6).
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By compactness, choose a finite subcover Oy, ..., Oy, of [z, 1], set W = Ule Oy,, and
let ny = max; ny,. Let n > d, and let S be the event that G is simple. Then

PrPd [S] = e_d/Q (e—d/n(l + d/n))@) 2 6_d/2_d2/4’

and conditional on S the underlying graph G has m edges and is distributed as G(n, d/(n+d)).
For a simple graph I' on [n], the likelihood ratio of G(n,d/n) to G(n,d/(n + d)) at I is
(14 d/n)FOI(1 - d2/n2)(g)_|E(F)| < edlEMI/n - Since Fg(z) = Za(t(z)) on S, for every
zeW

E| Za, (H(2))| < Ep, [e™/"[Fo(2)| | 8] < e/ Ep [/ | Fo(2)]],

which (C.6) bounds uniformly in z € W and n > ny,. Since W C C\ {—(q — 1)} is compact,
sup,cyy |t(2)] < oo absorbs the finitely many remaining n, proving (C.2). O

Section C.1 proves Lemma C.3, whose monotonicity step follows [CWZ26, proof of
Lemma 4.1]. To prove Lemma C.4 in Sections C.2-C.5, we follow [CWZ26, Section 4] and
separate coloring pairs by their overlap R, from (5.3). For z near [z, 1], pairs with nearly
uniform overlap have an explicit complex mean, bounded under the Kesten—Stigum condition
dt(z+)? < 1 (Lemma C.5). At a real anchor x, the free energy at density d+ A, tested against
an added layer of edges of density A, makes the other pairs, and the graphs with exponentially
large partition function, exponentially rare (Lemma C.7). One weighted Cauchy—Schwarz
inequality combines the two near each anchor (Section C.5). The base graph is always a
Poisson multigraph of the fixed density d, where these averages are explicit, and the same
inequality absorbs the factor e?*/" in (C.6). Tracking the single-edge log-partition increment
log(e/x) as x | 0 lets one small positive anchor cover the origin, where monochromatic edges
have weight 0.

C.1 Planted free energy below condensation

Proof of Lemma C.3. For a probability vector u we have Ay = q(pu — u), hence
Mop = qu+qt(z)(p—u),  pf Myps =1+ qt(2){m —u, pz — ). (C.7)

Monotonicity. Let 0 <y < z < 1, so that t(y) < t(x) < 0, and put ap = t(x)/t(y) € (0,1].
For v € Py, let v/ € Py be the law of u 4+ ap(p — u) for p ~ v. By (C.7), the pair
(y, V") produces the same variables Vj, as (z,v) and the edge variable E' =1+ ao(E, — 1).
Convexity of v — vlogv gives E[E'log E'] < agE[E; log E;] < E[E, log E,], where the last
step uses E[E, log E;] > E[E;]log E[E,] = 0. Hence ¥, ,(v') > ¥, ,(v) for every r > 0, and
deond (9, Y) < deond(q, ). This is the argument of [CWZ26, proof of Lemma 4.1, equation (19)].

Kesten—Stigum bound. We show deond(q,z) < t(z)~2 (cf. [COEJT 18, equation (1.7)]); the
expansion below follows [COEJ'18, Lemma 5.4], cf. [CWZ26, equation (18)]. Let z € [0, 1),
t =t(z),and s > t~2. Fore € (0,1), let ve € Py be the law of u+e(e,—u) with a uniform on [q],
and write ay, ag, ... for the independent colors of py, p2,.... By (C.7), (Mypi)p = 1 + €t Apg,
and E, = 1+ €®tA4,4,- Expanding the product in V; and using >, Ape = 0 and A? = gA
gives Vi, = 1+ €%t2 i<icj<k Aaia; O (€®), whose summands are pairwise uncorrelated with
mean 0 and second moment E[A2 , ] = ¢ — 1. Since E[V;] = E[E,] = 1, we may replace
vlogv in (C.1) by vlogv — v + 1, which is nonnegative and equals (v — 1)2 + O(Jv — 1[%).
Discarding the event {D > ko} for a fixed integer ko > 2 then gives

st?

Uy o (ve) > la=De E[()1pst] — 5

5 | + Ok (€).

Since E(IQ)) = s2/2 and st? > 1, the bracket is positive for large ko, so U, »(ve) > 0 for small e.
Hence deona(q, ) < s for every s > t(z)72.
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Free energy. Fix x € (0,1) and 0 < s < deona(q, ), and write t = t(z) and F = Fg(z).
We apply [CKPZ18, Proposition 3.6], which assumes SyM and BAL, to the factor-graph
model of [CKPZ18, Section 2] with spins [¢], arity 2, and the single weight function M,,
which takes values in (0,3/2] C (0,2). Its normalization constant [CKPZ18, equation (2.2)]
equals 1; sym [CKPZ18, Figure 1] holds because all row and column sums of M, equal g;
and BAL holds because p + pu!' My = 1+ t(q||pul|3 — 1) is concave and maximal at u
by (C.7). With m ~ Pois(sn/2) constraints on independent uniform ordered pairs, the
null model [CKPZ18, Definition 2.5] is P, with partition function ¢"F. In the Bethe
functional [CKPZ18, equation (2.3)], whose Poisson degree variable plays the role of D,
symmetry of M, turns each inner sum into a coordinate (Myu)q; with A(v) = vlogw, the
two terms become %A(qVD) and SA(E,), and EVp = 1 shows that the functional equals
log g+ ¥ .(v) at v € P%([q]) = Pu. The reweighted model [CKPZ18, equation (3.4)] reweights
by ¢"F separately for each m. Hence, with

Ep. [Flog F | m]

am

&m:]EPS[F|m]7 Em: 5

[CKPZ18, Proposition 3.6] reads lim sup,, n " 'Eé,, < sup, Vs (v) < 0, the last step because
s < deond(g, ). Given m, the edges are independent and uniform, so Jensen’s inequality and

Eolqlla(o) —ulff] = (¢ — 1)/n give
TS Ea(l + tq||a(0) - u”%)m € [(1 - 1/n)m’ 1] )

and Jensen’s inequality also gives ¢,, > log a,,. Therefore a,,¢,, < ¢y —log ay, < € +2m/n for
n > 2, and Ep_[Flog F] = E[aém] < Eéy, + s, so limsup, n~'Ep, [Flog F] < 0. Conversely,
Jensen’s inequality and vlogv > —e~! give Ep,[Flog F] > Ep_[F]logEp, [F] > —e~!, which
proves (C.5). O

C.2 Poisson averages

For colorings o, 7, let & = a(0) and 5 = a(7) be their color-proportion vectors, R = R, ; their
overlap matrix (5.3), and R = uu'. At a real anchor x we write t = t(x) € (—1/(q — 1),0],
F = Fg(x) > 0, and pg(o) = ¢ "wge(o)/F, and we let P and P77 be the laws of
independent Poisson edge counts Ny, (u,v) € [n]?, with means sM,(oy,0,)/(2n) and
SMy (0w, 0p) My (Tu, Tv)/(2n); these laws, ug, and the quantities H, Y, and Q below depend
on the anchor.

A Poisson variable N with mean w satisfies Ey" = e®¥~1 for y € C, and for y > 0
the yV-tilt of its law is Pois(wy). Applying this to every edge count, with >uw Aoyo, =
n?qlla(o) —ul|3 and n=2 Y2, f(Ous Tus 00 7o) = Y apariy RavRarer f(a,b,a/,b') (sums over all
n? ordered pairs), gives at a real anchor, for ® > 0 and 2,2/ € C\ {—(¢ — 1)},

Ep, [we,.(0)®(G)] = () Epo @, (C.8)
Ep, [we, (0w (1)) = "2 g5 (R) = $((R, (M, ® M.)R) — 1), (C.9)
EPS [wG,m (G)wG,z (T)@(G)] = en(bi'I(R) EPZ’T(I) ) (0.10)

where (R, (M, ® M)R) = 3, 4 o 1y RavRar M (a, a’) M/ (b, b'); by linearity, (C.8) and (C.10)
extend to real ® whose absolute value is integrable on the right. In particular, (C.8) with
® =1 and ks <0 give

Ep, [F Pr,.[A]] = E,[e"(D14(0)] < Pr,[A]  (AC[q]"). (C.11)
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C.3 Local pair sums

From now on, q, Zx, d, and A are as in Lemma C.4. Since dt(z,)? < 1, we may fix once and

for all
[t(z)| <te <1, dt? <1,

C.12
0<n<1, O, :=dt>(1+¢*n) < 1, p:zlfe*. ( )
Then p > 1 and pf, < 1. Let V be the set of z € C\{—(¢g—1)} with |t(2)| < t, and Rt(z) < ¢2.
It is open and contains [z, 1]; since ¢, < 1, while t(z) — 1 as |z| — oo and [t(2)| — oo as
z — —(q— 1), it is bounded and its closure does not contain —(¢ — 1). The constants Cy, C1,
1, c2, and cg introduced below depend only on ¢, d, x., A, and (C.12).

For z € C\ {—(q¢ — 1)}, define the local pair sum

He(z) =q " > we,:(0) wa,2(T) -
0,7 |Re,r—R|lp<n

It is real, since exchanging o and 7 conjugates the summand. At a real anchor, H = Hg(x) €
[0, F2], and the pairs outside the window carry the F-weighted mass

_F?-H

Y
F

= F Pr s [|IRs+ — R|lr >n] €0, F].

If |R — R||p < 7, the entries of R + u(R — R) for 0 <wu < 1 are positive and at most
q~2 + 1, so integrating the second derivative of u — D(R + u(R — R)||R) twice gives

_ 2
D(R|R) > —2

—— _||IR-R|3. C.13
> s g 1R Rl (C.13)

Lemma C.5 (Local pair sums). For every z € V, every p' € [1,p|, and all n > 1, with
d)z = Qil,z;
Eor | Ljn- ey @70 0] < (1= pl00) 700 (C.14)

Consequently, with Cy = (1 — 9*)*@2*1) and C; = (1 —pﬁ*)*(qkl)/p, the following hold
under Py for alln > 1.
(i) |[EHg(z)| < Cy for every z € V.
(ii) At every real anchor x € [z, 1], E[H1g] < Cy Prg[E]'~YP for every set £ of multigraphs,
where Q is the law of (o, 7,G) with o, 7 independent and uniform and G distributed as
P%" given (o,7), and Prq[] = Prq[G € £].

Proof. By Section C.2, (R, (M,®@M3z)R) = Ey,[(1+t(2)Asyo, ) (1+t(2) Ar,7,)] for independent
uniform vertices u,v € [n]. Since Rt(z) < 2 and [t(2)|? < t2, the computation following (5.5)
in Section 5.2, with T = ¢, gives R¢.(R) < 2t2(¢? SapRe—1) = 412¢%||R — R||%, which
is at most 0, D(R||R) on the window by (C.13). Since nR ~ Mult(n, R) on ¢? cells under
independent uniform colorings, Theorem 5.3, applied with the exponent p’f, in place of its s,
gives (C.14). By (C.9), Ep,Hg(2) = EC’W[1{\|R—R|\F<n}€n¢Z(R)]7 so (C.14) with p/ = 1 gives (i).
For (ii), (C.10) with ® = 1¢ gives Ep,[H1¢] = Eq[lyn_gyjp <" " 1e(G)]; apply Holder’s
inequality under Q with exponents p and p/(p — 1), and (C.14) with p’ =pat z=2 € V. O
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C.4 Estimates at a real anchor

At a real anchor z, the free energy below condensation controls what the local pair sums
cannot see: the mass Y of pairs with correlated overlap, and the H-weighted mass of graphs
with exponentially large F. Since b(z) € [2/3,1], the entries x/b(z) and 1/b(x) of M, lie
in [z,3/2]; adding an edge multiplies F' by a pug-average of them, so it changes log F' by at
most log(e/z), which is unbounded as x | 0. Both estimates therefore use concentration for
multigraphs whose edge counts are Poisson given independent vertex labels, with explicit
dependence on the single-edge influence B.

Lemma C.6 (Conditional-Poisson concentration). Let & = (&1,...,&,) have indepen-
dent coordinates in a finite set, and given § let G = (Nuy)u)em2 have independent
Pois(K (&4, &)/ (2n)) counts, where 0 < K < Ky. Let B > 0, and let [ satisfy |f(G +
e) — f(G)| < B for every multigraph G and every added edge e, loops included. Then, with
cf =Ef(G) and C, =1+ Ko + K3,

E[e"/(G)=en)] < OW°B* (|0 < 1/B),  E|f(G) —¢s| < 2¢%By/n. (C.15)

Proof. Since |f(G) — f(@)| < Bm and, given &, m is Poisson with mean at most Kon/2, all
exponential moments below are finite. If X’ is an independent copy of X and |g(y) — g(v)| <
w(y,y’) for a symmetric w > 0, then Jensen’s inequality and symmetry give

E" X)) < E cosh(h(g(X) — g(X'))) < Ecosh(hw(X, X')).

For X ~ Pois(w), w = Bly — /|, and lhB| < 1, the right-hand side is e2@(cosh(hB)—1) <
eQWh2BQ; if w < KgB, it is at most eM*K3B*/2 - Given &, the Doob martingale of f over the
n? edge counts has increments g(N,) — Eg(Ny,) with |g(k + 1) — g(k)| < B, and the means
sum to at most Kon/2, so E[e"(/—El/IE) | ¢] < eKoh?B®n - Changing one &, changes the means
of the 2n — 1 counts at v by at most K(/(2n) each; coupling these counts by superposition
shows that E[f | §L moves by at most K¢B, and the Doob martingale over &;,...,&, gives
EehElflE]-cs) < oKgh*B*n/2, Multiplying proves the first bound in (C.15); the second follows
at h = +(By/n)~! from |y| < e¥ +e7V. O

Lemma C.7 (Estimates at a real anchor). There are constants ¢; > 0 and co € (0,1] with
the following property. For every real anchor x € [z, 1], there are v, € (0,1] and n, such
that, under Pq and for all n > n,,

EY < e ", (C.16)

2
C27Y M
]EI:H]‘{F>6'VI"/4}:| S Cl eXp(—m) . (Cl?)

Moreover, v, > ¢1/log?(e/x) whenever x < 1/2.

Proof. If x = 1, then F = 1, so the left-hand side of (C.17) is 0, and pg is uniform, so
Y = Pry.[|R — R|r > n]. This event forces |Ry — ¢~2| > n/q for one of the ¢* cells,
and Hoeffding’s inequality [Hoe63, Theorem 2] for the cell counts nRy, ~ Bin(n, ¢~ ?2) gives
EY < 2q26_2’72”/‘12, which is (C.16) with v; = n?/¢? for large n. Let now = < 1, and write
¢ =1log(e/r) and s’ = d + A, so that (C.5) holds at s = s’ by the hypothesis of Lemma C.4.

Step 1: Free energy at density s'. Let f, = IEUEPZ, log F'. Lemma C.6 applies to f = log F'
with £ = o, kernel s'M, < 35’ (so Ko = 35'), and B = {; its constant C, = 1+ 35’ + 95
does not depend on z. By (C.8) with ® = log F' (note |log F'| < ¢m),

Ep , [F] fn — Ep_ [Flog F] = E,[e" ") (f, — Eps, log I7)]
< E,Epo |log F — fu| < 2¢%4y/n.
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Since Ep , F' > e~*/2 by (C.4), this gives f,f < e*/2(Ep_,[Flog F] + 2¢“*£\/n)*, so (C.5) at
s = &' yields limsup,, f,/n < 0. By (C.8) with ® = F", efs <1, and (C.15),

Ep , F'*" < B Epo 1081 < it CL20R (0 < p < 1/1). (C.18)

Step 2: A test on added edges. For a coloring T with proportions 8 and a multigraph G’ =
(N},), set S:(G') = tq Z(u,v)e[nP N/ (e, — B,er, — B). Its coefficients have modulus at most
2q|t| < 3 and sum to tq||3, (er, —B)||3 = 0, so Poisson averaging and ¥ —1—y < Sy* for |y| < 1
give the first bound in (C.20) below, with Cy = 2£A. Since M, (a,b) = 1+ tgle, — u, e, — u)
and 3, (es, — 1) @ (e, — f) =n(R—af’),

Ant?q?

Epy S; = IR -agT |2, (C.19)

and Jensen’s inequality and (C.19) give the second bound, where v, = At?¢?>1?/16 and C is
the set of pairs (o, 7) with ||R,, —aB8"|r > n/2:

supEp, e < O (0<A<3), ]EperAST > P (X >0, (0,7) €C). (C.20)
T

Step 3: Correlated pairs. Let G ~ Py and G’ ~ PA be independent, so that G + G’ ~ Py
and wWeyq = WGz WG 2, and put

==Ep, [F Z pa(o)pa(T) e”A(U)} :

(o,7)EC

Let 0 < h < 1/¢,0 < XA < 1, and N = Ah/(1+ h). For (o,7) € C, (C.20) and (C.8)
for G/ give efa(@)F2Xven < By lwar . (0)er 5 (E)]; summing over all pairs gives the first
inequality below. Holder’s inequality with exponents 1+ h and (1 + h)/h, Jensen’s inequality

(2, pa(r)eNSH)A+m/h < S™a(1)erdT, (C.18), and (C.20) give the second:

2N Yen = 2 <Egor {FG+G' Z pa (T ,\/ST G/)}
(C.21)

ho
< exp{m [fo + CLhl*n + C’t)\zn]} .
Choose \ = min{%, 21/’0
each at most %)\d}mn; for large n, also f, < %/\T/JI’I’L. Then (C.21) and h < 1 give E < e~ IA¥en/4,
By Cauchy—Schwarz, (C.8), and kg — ka = kg_n < 0,

%}, so that the last two terms in the bracket are

(Bp, [F Pr,e:[C]])’ <E-E [FZMG era@)) = 2. Beri-al@) < 3.

Step 4: Proof of (C.16). If ||R— R|lr > n, then (o, 7) € C or one of ||a—ul|z and |3 —ul|2
is at least 1/4, because |8 — R||r < [la — ulj2 + |3 — ulj2. By (C.11) and Hoeffding’s
inequality for the ¢ binomial color counts, each of the last two events contributes at most
Pr,[||la(o) — ulls > n/4] < 2qe~7""/(9) to EY. With Step 3, for large n,

2
EY < 4q6—772n/(8® 1+ e~ hMan/8 < e e NV = lmin{n—, h)‘%f} <1.
2 8¢ 8

If < 1/2, then [t| > 1/(2q — 1); since C, and C; do not depend on z, this gives 1), > vy,
A > Ao, and h > ho/l?, where

Ag*n? 1 o . [, Aot
0= T62g — 1) ‘ mm{3 2ct} o = min{l. 20", j
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hence 7, > ¢1/¢% with ¢; = % min{L 8q7

Step 5: Proof of (C.17). Let a = e %?/2 and Ay = 2Cy/a. By (C.4) and (C.16),
E[H/F] = EF —EY > q for large n. Since H/F < H, H/F < H/Ay on {F > Ay}, and
EH < Cp by Lemma C.5(i),

ho\
080%}‘

as E{%l{FSAO}} + Z(O) < VE[HLpcap] + % :

so Lemma C.5(ii) gives Prq[F < Ag] > cq = (a?/(4C1))?/®?=1). Under Q, the labels fv =
(04, 7v) are independent and uniform, and given them the kernel is dM,(a, a’)M,(b,V') < 3d;
so Lemma C.6 applies to log F' with Kg = 9d and B = ¢, and its constant Cq = 1+ 9d+ Ciy d2
does not depend on z. With fq = Eq logF integrating fq — log Ag < |log F — fQ| over
{F < Ap} gives fq < log Ag + 2¢“Ql\/n/cq, which is at most y,n/8 for large n. With
h' = v,/(16Cql?) < 1/¢, (C.15) gives

Prq [F > efyzn/él] < Prq [logF _ fQ N ’yxn/S] < efh/%n/SqLCQthzn _ ef'ygn/(QE)GCQ[Q) 7

and Lemma C.5(ii) yields (C.17) with ¢o = (1 — 1/p)/(256Cq) € (0,1]. O

C.5 Complex first moment near an anchor

If |M,(a,a")| < eSM,(a,a’) for all a,a’, comparing complex with real weights costs a factor
e‘™, which is exponential in n; the exponential rates of Lemma C.7 absorb it, which is why
those rates are needed. The weighted Cauchy—Schwarz inequality below also absorbs, at
bounded cost, the factor ¢™/™ in (C.6), which bounds the likelihood ratio between G(n,d/n)

and the Poisson multigraph conditioned to be simple.

Proof of Lemma C.4. Step 1: The bound near an anchor. Let x € [z, 1] be a real anchor,
write v = 7, and ¢ = log(e/z), and put ¢ = (; = min{%, c»7*/(184¢?)}. We show that there
is n!, such that, under Py,

E[e?™/"| Fg(2)|] < e v/2Cy + 4 (C.22)

for all n > n! and all z € V with |M.(a,a’)| < e$M,(a,a’) for all a,a’ € [q]. If x < 1/2, then
v > ¢1/€% by Lemma C.7, so {; > c3/¢5 with c¢3 = min{3, cac?/(18d)}.
Comparing the products over the m edges gives |wg (o) < e¢™wg . (0); since |Fg(2)[? —
Hg(2) is the sum over the pairs outside the window, |Hg(2)| < e*™H and ||[Fe(2)]? —
2)| < eX™(F? — H). Let T = max{1l,e”"/*F}. Then 0 <1 —1/T < 1yp. on/ay and
1/ < ™4/ F; wiiting |Fa(2) /Y = Ha(2) — (1 - 1/T)Ha(2) + (Fa() — Ha(2)/T and
using Lemma C.5(i), we get

F 2
5P < 0y 4 B B ) + B (029

To remove the factors eX™, average over the edge counts with the extra factor eX per edge, as
in Section C.2: since a(0) " Mya(o) =1+ tg||a(o) —ul|3 < 1 and (R, (M, ® My)R) < 2, for
every x > 0,

E[eme] < E[exm] _ e(ex—l)dn/Z, E[eme] < 69(ex—1)dn/8 EH < C 69(6X—1)dn/8 ]
Cauchy-Schwarz, Y < F, (C.16), (C.17), and e* — 1 < 8¢ then give
evn/4]E[ 2<my] e'yn/4( 4§mF )1/2(EY)1/2 < e('y/4+2d(—7/2)n < e—vn/B’

E[ H]-{F>e'yn/4}] < ( 4§mH )1/2 (E[H].{F>e'yn/4}])l/2 < (Cocl)1/26(9dg/2—0272/(2£2))n ’
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because 2d¢ < /8 and %dC < %0272/62 by the choice of ¢ (recall v <1 < ¢ and ¢g < 1).
For large n both right-hand sides are at most 1, so the right-hand side of (C.23) is at most
Co + 2. Finally, for n > 2d the same averaging with y = 2d/n < 1 gives E[e2¥"/"T] <
E[e2dm/n] + E[e2dm/nF| < 2¢24° | and Cauchy-Schwarz yields

2
Be" Fo(2)]] < (Bl /vr) 2 (BFEE0Y ' < o o,

Step 2: Neighborhoods. Let y € [z4,1]. If y > 0, then y is a real anchor, and the
set Oy of all z € V with |M.(a,d’)| < evMy(a,a’) for all a,a’ is open and contains y;
by (C.22), (C.6) holds on it with n, = n;. If y = 0, then 2, = 0 and 0 € V, and we
follow the positive-anchor continuation of [CWZ26, Lemma 4.8, Steps 3-4]. For x € (0,1/2]
and |z| < z, the bounds |z| < z (for the diagonal entries) and |[b(z)| > (¢ — 1 — x)/q give
|M,(a,ad")| < %Mx(a,a’) < %Mx(a,a’) < ¥ M,(a,d’). Since zlog®(e/x) — 0 as
x| 0, we may fix a real anchor & € (0,1/2] with {|z| < £} C V and 22 < c3/log®(e/z) < (s
then (C.22) at the anchor Z gives (C.6) on Oy = {|z| < 2} with ny, = n}. In both cases

O, CV, so Oy is bounded and O, C C\ {—(¢—1)}. X
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