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Abstract

We establish a complete complexity dichotomy for deciding whether a graph admits an
Eulerian orientation satisfying local Boolean constraints at vertices. We denote this problem by
EO. For every fixed finite set of constraints, the problem is either polynomial-time solvable or
NP-complete. The classification identifies two new tractable classes. In particular, one such class
is obtained by exploiting the promise polymorphism condition used for proving tractability in
counting EO [GSS26]. For the hardness proof, we develop a nonconstructive reduction based
on unsatisfiable instances and show how failures of the promise conditions yield obstructions to
affine and bijunctive tractability, leading to NP-hardness through Schaefer’s dichotomy.

Combining our EO dichotomy with the classification of bipartite edge constraint satisfaction
problems, we also classify the complexity of general graph orientation problems assuming both
unary pinning constraints are available. Every such problem is polynomial-time solvable or
NP-complete, except for a residual family of unresolved A-matroid parity cases. These results
advance the classification of constraint satisfaction problems with restricted variable occurrences
and connect their tractability to promise polymorphisms.

AT Disclosure. The main EO dichotomy and its proof were developed and written by the authors.
In preparing this version, we used OpenAl Codex to help revise the exposition. Discussions with
OpenAT’s ChatGPT (GPT-5.5) inspired the always-YES class. Codex also assisted with proof
development and checks for extending the EO result to general graph orientations. The authors
take full responsibility for the correctness, originality, and integrity of the paper.
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1 Introduction

Given an undirected graph G, an Fulerian orientation assigns a direction to each edge so that every
vertex has equally many incoming and outgoing edges. By the classical Eulerian tour theorem,
a graph admits such an orientation if and only if every vertex has even degree [BMO8]. Thus
deciding whether an Eulerian orientation exists is easy, whereas counting all Eulerian orientations
is # P-complete [MW96]. However, restrictions on the local patterns of incoming and outgoing
edges can make counting tractable. An example arises from the partition function of the six-vertex
model [Pau35, Sladl, Rys63], a widely studied model in statistical physics. Consider a 4-regular
graph in which one specified edge at each vertex must be oriented toward that vertex. Counting
the Eulerian orientations that satisfy these restrictions is polynomial-time solvable [CFX18]. More
generally, local restrictions and weights can be represented by constraint functions at the vertices.
Summing the product of these functions over all Eulerian orientations gives the counting weighted
Eulerian orientation problem, denoted by # EO, introduced in [CFS20].

In a # EO instance, each vertex v of degree d carries a constraint function f, : {0, 1}d — C,
also called a signature, evaluated on the local pattern of incoming and outgoing edges. We encode
an oriented edge by assigning 0 to its head incidence and 1 to its tail incidence. The partition
function is 3°, [1,ev fu(o|g()), where o ranges over all Eulerian orientations and o| gy, is the tuple
of incidence values at v. A complexity dichotomy for # EO was first established under a physical
symmetry known as arrow-reversal symmetry (ARS) [CFS20]: every problem in that setting is either
polynomial-time computable or # P-hard. The ARS assumption was later removed in [MWX25],
yielding an FP™ versus # P-hard classification. The full FP versus # P-hard dichotomy was
subsequently obtained in [GSS26].

For a special tractable class of # EQO, the counting problem can be reduced to its decision analogue:
deciding whether a prescribed local support string extends to a satisfying orientation [MWX25,
(GSS26]. A particularly interesting 56-ary signature fs¢ provides a concrete example of this tractable
class [GSS26]. These results reveal a close connection between counting and feasibility in the EO
setting, but leave open the complexity of the general decision problem.

In this paper, we study the decision problem for constrained Eulerian orientations, denoted by
EO. Fix a set F of Boolean EO constraints, each of which accepts only strings containing equally
many zeros and ones. An instance of EO(F) consists of a graph whose vertices are labeled by
constraints from F, with specified orders on their incident edges. The task is to determine whether
the graph has an orientation whose local configuration is accepted by the constraint at every vertex.
The half-weight condition ensures that every such orientation is Eulerian. We establish a complete
complexity dichotomy for this problem. The classification identifies two new tractable classes. In
particular, we extend the promise polymorphism condition (see Section 2.2) used for tractability of
the minority case in # EO [GSS26] to the majority case in decision EO.

Theorem 1.1 (Dichotomy for EO(F)). Let F be a fixed finite set of nonzero EO constraints. If at
least one of the following conditions holds:

1. every constraint f € F is a A-matroid;
2. every instance of EO(F) is satisfiable;
3. the ternary minority operation Ming is an upper or lower promise polymorphism of F;

4. the ternary majority operation Majs is an upper or lower promise polymorphism of F,

then EO(F) is polynomial-time solvable. Otherwise, it is NP-complete.

Tractability under condition 1 follows from the tractability of even A-matroids in edge con-
straint satisfaction problems (ECSP) [KIKR18], and tractability under condition 3 follows from the



tractability of #EO [GSS26]. The tractable classes in conditions 2 and 4 are new.

The significance of the decision dichotomy for EO is twofold. First, it advances the classification
of constraint satisfaction problems (CSPs) with restricted variable occurrences. The study of CSP
dichotomies began with Schaefer’s Boolean classification [Sch78] and culminated, for finite domains,
in the independent dichotomy theorems of Bulatov and Zhuk [Bull7, Zhu20]. These classifications
concern CSPs without restrictions on variable occurrences. Requiring each variable to occur exactly
twice leads to edge constraint satisfaction problems (ECSPs), a setting originating in Feder’s work
on fanout limitations [Fed01]. An ECSP instance can be represented by a graph in which edges
are variables and vertices carry constraints, so each variable participates in the two constraints
at its endpoints. The corresponding weighted counting framework is Holant [CLX11]. Restricting
variable occurrences creates additional tractable cases while limiting the reductions available for
proving hardness. Feder’s work and the subsequent classification of bipartite ECSP [Fed01, FF06]
connect this setting to A-matroids. A central question, open for more than two decades, is
whether every fixed finite set of A-matroid constraints defines a tractable ECSP. Polynomial-
time algorithms are known for several special classes, including binary, linear, symmetric, and
even A-matroids [GIMO03, Cor88, KKR18]. The EO problem is a special case of bipartite ECSP,
where binary disequality constraints represent the edges of the original graph on one side, while
EO constraints represent its vertices on the other side. The disequality constraint allows the
two incidence assignments 01 and 10, corresponding to the two orientations of an edge; the EO
constraints enforce balance at each vertex. This combination of restricted occurrences and local
balance provides a natural setting in which to seek further sources of tractability. Our dichotomy
determines the resulting tractability boundary for EO.

The EO dichotomy also provides a basis for studying graph orientation (GO) problems, which
retain the binary disequality constraints at edges but allow arbitrary Boolean constraints at vertices.
For symmetric constraints, which depend only on the number of outgoing edges, a dichotomy with
both unary pinning constraints was established in [MAD 26, Theorem 3.12]. Here, the two unary
pinning constraints fix an incidence value to 0 or 1. By combining our EO dichotomy with the
bipartite ECSP classification, we extend the result to arbitrary Boolean constraints with both
pinning constraints, with only the well-known A-matroid case remaining unsolved.

Theorem 1.2 (GO trichotomy). For every fixed finite language of Boolean constraints, graph
orientation with both unary pins falls into a polynomial-time branch, an NP-complete branch, or a
residual family of unresolved A-matroid parity cases. The classification criteria are given by the EO
conditions and the bipartite ECSP classification.

Second, our dichotomy shows how ideas from counting problems and promise CSPs can lead
to new algorithms for exact decision problems. Promise polymorphisms, originally called weak
polymorphisms, were introduced by Austrin, Guruswami, and Héastad [AGH17] and subsequently
developed in the algebraic and algorithmic theory of promise constraint satisfaction problems
(PCSPs) [BG21, BBKO21, BG19, BG\VZQO]. Unlike an ordinary polymorphism, which preserves a
constraint, a promise polymorphism need only map tuples satisfying a stronger constraint to a tuple
satisfying a weaker one. This perspective has led to complexity classifications for symmetric Boolean
PCSPs [BG21] and #EO [GSS26]. Our new tractable class extends the promise-polymorphism
approach used for the minority case of # EO [GSS526] to majority. The relevant promise relaxations
are one-sided: an upper relaxation adds only strings of Hamming weight strictly greater than half
the arity, while a lower relaxation adds only strings of weight strictly less than half. Accordingly,
an upper promise polymorphism may leave the original support only by producing an overweight
string, and the lower condition is analogous. The key observation is that the EO incidence structure
prevents these local relaxations from introducing new global solutions. Every edge contributes



exactly one 1 across its two incidences, so the total Hamming weight is always |E|, equal to the
sum of half the vertex degrees. If every constraint is relaxed in the same direction, any local
excess or deficit would violate this identity. Every satisfying assignment of the relaxed instance
must therefore remain balanced at every vertex and hence satisfy the original constraints. This
explains how a promise condition can support exact feasibility algorithms in EO even when the
original local supports are not closed under the corresponding operation. It also suggests exploring
promise-polymorphism methods together with incidence restrictions in the broader study of ECSPs.

The hardness proof requires different tools from those used in the counting dichotomy. Counting
hardness does not imply decision hardness, and reductions based on interpolation or cancellation
need not preserve satisfiability. We first recover the two unary pinning constraints through a
nonconstructive reduction. For a set of constraints with nonempty supports that is not always
satisfiable, we compare a NO instance with a YES instance obtained by rewiring the same vertex
constraints. This constructs a gadget from which we obtain either complementary pins or generalized
disequalities. In the latter case, complement asymmetry gives pinning constraints. If all constraints
are complement-invariant, synchronized pinning pairs simulate the desired pins up to a global
bit flip. Thus, the existence of a NO instance supplies the pinning constraints needed for our
reductions (Lemma 5.2). With pinnings and generalized disequalities available, our key technical
step converts failures of the promise conditions into classical CSP hardness. Failure of both the
upper and lower minority conditions yields either NP-hardness directly or a non-affine pairwise
opposite constraint (Lemma 5.7). The analogous failure for majority yields either NP-hardness or a
non-bijunctive pairwise opposite constraint (Lemma 5.8). If neither step gives hardness directly, the
two witnesses together yield an NP-complete CSP by Schaefer’s dichotomy.

2 Preliminaries

All constraints have Boolean domain unless stated otherwise. The symbols <7 and =7 denote
polynomial-time Turing reducibility and equivalence. We write [P] for the indicator of a statement
P.

Write & for addition modulo two, Mins(a,b,c) = a @ b @ c for ternary minority, and Maj; for
ternary majority. Boolean operations act coordinatewise on strings.

2.1 Constraints and Edge CSP

A constraint of arity n > 1 is a function f : {0,1}" — {0,1} with coordinates indexed by
[n] = {1,...,n}. For coordinates labeled x1, ..., x,, we also write a(z;) = a.

Definition 2.1 (Support set, S(f)). The support of a constraint f of arity n is S(f) = {a €
{0,1}™ | f(a) = 1}. Its elements are called support strings.

The support table lists the support strings as rows in the specified coordinate order. A constraint
language is a set of constraints. All constraints are represented by their support tables. In each
complexity classification, the language is fixed and finite; the input specifies the graph and the
constraint at each vertex.

For a bit string «, write |«| for its length, wt(a) = Y, a; for its Hamming weight, @ for its
bitwise complement, and &" for the concatenation of r copies. A constraint has constant Hamming
weight t if all its support strings have weight ¢.

The tensor product satisfies (f ® g)(aB) = f(a)g(B); for support sets, write A® B ={af:«a €
A, B € B}, where a8 denotes concatenation.



A constraint is symmetric if its value depends only on Hamming weight. For a symmetric
constraint of arity n, we write f = [fo, f1,..., fn], Where f; is its value on every string of weight 1.
The unary pinning constraints §o = [1,0] and d; = [0, 1] accept only 0 and 1, respectively.

For n > 1, the equality constraint =,, and the generalized disequality constraint #s,, have supports
S(=n) = {07, 1"},S(#2n) = {071",170"}. In particular, #o= [0,1,0] is binary disequality. We
write £Q = {=,| n > 1} and DEQ = {Fa,| n > 1}.

A constraint of arity n is an EO constraint if every support string has weight n/2. It is pairwise
opposite if its coordinates admit a fixed pairing such that every support string takes opposite values
on each pair. Every pairwise opposite constraint is an EO constraint.

Graphs may have parallel edges and self-loops. Let E(v) be the ordered set of edge incidences
at v, and write «(e) for the value at incidence e. We encode an orientation by assigning 1 to the
tail incidence and 0 to the head incidence of each edge.

Definition 2.2 (Edge Constraint Satisfaction Problems, ECSP). An instance of ECSP(F) is a
pair (G, ), where G = (V,E) and w(v) = f, € F has arity |E(v)|. It asks for an assignment
¢ E — {0,1} satisfying fo(6(E(v))) =1 for every v, where ¢(E(v)) lists the incident edge values
in the local order.

Every variable occurs exactly twice, once at each incidence. We write ECSP(F | G) for instances
on bipartite graphs G = (U | V, E) with constraints from F on the left-hand side (LHS) U and
constraints from G on the right-hand side (RHS) V.

The constraint satisfaction problem is represented by CSP(F) := ECSP(EQ | F).

Definition 2.3 (Constrained Eulerian orientation problems, EO). For a language F of EO con-
straints, define EO(F) := ECSP(#2| F).

2.2 Promise Polymorphisms

We use promise polymorphisms from promise constraint satisfaction problems (PCSPs) [BG21,
BBKO21] to express the minority and majority conditions.

A Boolean promise constraint is a pair (f,g) of constraints of the same arity with S(f) C
S(g). A k-ary Boolean operation p is a polymorphism of f if p(aV),... a®)) e S(f) whenever
oM, ... o) e S(f), and a promise polymorphism of (f,g) if these outputs belong to S(g). For a
set P of promise constraints, write p € Pol(P) when p is a promise polymorphism of every member
of P.

Let f have arity n and constant Hamming weight ¢. Its upper relazation f1 and lower relazation
ft are defined by

S(f1) =S(f)ufae{0,1}": w(a) > t},
S(fY) =S(f)ufa e {0,1}": wt(a) < t}.

For a language F of constant-weight constraints and s € {1, ]}, set

PHF) =A{(f,f°): f e F}.

We call p an upper promise polymorphism of F if p € PoI(PT(}")), and a lower promise polymorphism
if p € Pol(P+(F)). For a single constraint f, take F = {f}.



2.3 Gadgets and Reductions

An F | G-gate is an ECSP(F | G) instance with ordered dangling edges. It realizes the constraint
accepting exactly the assignments to those edges that extend to a satisfying assignment. The
realization is on the LHS or RHS if all dangling edges are incident to that side. Unless stated
otherwise, gates have size independent of the input instance; their realized constraints can be added
on the corresponding side without changing the complexity. We abbreviate 7 U {f} by F, f, and
similarly for unions of languages. The proofs of Lemmas 2.4 to 2.6 are given in Appendix A.

Pinning. Pinning a coordinate to ¢ € {0,1} fixes its value to ¢ and removes it. The remaining
coordinates retain their labels and order; a fully pinned constraint is evaluated directly.

Deduplication. For a fixed | > 1, an [-multiple f' of an n-ary constraint f is defined, up to a
coordinate permutation, by

S(f)={ai'an' s e SN}
We call f a deduplication of f'.

Lemma 2.4. For any languages F,G and any l-multiple f' of f,
ECSP(F | G, f) <r ECSP(F | G, f').

In particular, =; is an [-multiple of =1.

Disequalities.

Lemma 2.5. For distinct coordinates i,j of an n-ary constraint f, the n-ary constraint fi4;(a) =

fla)]oy # o] is realizable on the RHS of ECSP(#a|#4, f).

Lemma 2.6. Let F be a finite set of constraints. For every fixed n > 2,
ECSP(DEQ | DEQ, F) <1 ECSP(#2| F, #ay).

Lemma 2.7 ([CFS20, proof of Lemma 5.8]). Let F be a finite set of pairwise opposite constraints.
Then
CSP(F) <7 ECSP(DEQ | F).

2.4 Known Results

A constraint f of arity r is 0-valid if f(0") = 1, and I-valid if f(I") = 1. A constraint is Horn
if its support is closed under coordinatewise AND, and dual-Horn if its support is closed under
coordinatewise OR. It is affine if it admits Ming as a polymorphism, and bijunctive if it admits
Majs as a polymorphism.

Write aAS = {i : a; # f;} and let a @ S mean flipping the coordinates in a set S. A constraint
f is a A-matroid if its support is nonempty and, for all o, 5 € S(f) and i € aAp, there exists
Jj € aApB (possibly j =) such that a @ {i,j} € S(f). It is an even A-matroid if, in addition, all its
support strings have Hamming weights of the same parity.

Theorem 2.8 (Schaefer’s Boolean CSP dichotomy [Sch78]). Let F be a finite set of nonzero Boolean
constraints. If F is contained in one of the six classes of 0-valid, 1-valid, Horn, dual-Horn, affine,
or bijunctive constraints, then CSP(F) is solvable in polynomial time. Otherwise, it is NP-complete.

Lemma 2.9 ([KKR18, Theorem 8]). An ECSP instance whose constraints are all even A-matroids
can be decided in polynomial time.



3 Examples and Proof Sketch

Examples of new tractable classes. Conditions 2 and 4 of Theorem 1.1 define two new
tractable classes: always-YES languages and languages admitting Majs as an upper or lower promise
polymorphism. For condition 2, let f have support

S(f) = {01,10}®3 U {110100}.

Then every instance of EO({f}) is satisfiable, but f is not a A-matroid and admits neither Mins
nor Maj; as an upper or lower promise polymorphism.
For condition 4, let g have support

S(g) = {111000, 100110, 100101} ® {0101,0110,1001}.

Here Majs is a lower promise polymorphism of g, and {g} satisfies none of conditions 1-3. Moreover,
g is not bijunctive, so the lower relaxation is essential.
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Figure 1: The four classes of EO constraints C; = {f : p € Pol({(f, f*)})}, where p € {Ming, Maj;}
and s € {1,]}.

3.1 Proof Sketch and Technical Highlights

The tractable direction has three ingredients. Every EO A-matroid is even, as is #9, so condition 1
follows from the KKR algorithm in Lemma 2.9. Condition 2 admits the constant YES algorithm.
In Section 4, for conditions 3 and 4, an LP restricts the local supports to affine or bijunctive
constraints while preserving all solutions; Gaussian elimination or 2-SAT then decides the instance.

For the hardness direction, fix a finite language F of nonzero EO constraints, and write EO°(F)
for the problem with both unary pinnings. If condition 2 fails, a NO instance lets us simulate both
pinnings. A transition from a YES pairing to a fixed NO pairing produces either a complementary
pinning pair or #4. In both cases, we obtain EO(F) <7 EO(F) (Lemma 5.2).

We then prove the dichotomy for EO°(F) (Theorem 5.3). Pinnings let us fix coordinates when
constructing gadgets. Failure of the A-matroid condition realizes #4, and hence all generalized
disequalities (Lemma 5.4). If the minority and majority tractability conditions also fail, Lemmas 5.7
and 5.8 yield NP-hardness, either directly or through a reduction from an NP-complete CSP.
Combining this result with the first reduction proves NP-completeness of EO(F) whenever all four
tractability conditions fail.

From counting EO to a bijunctive decision class. Our LP algorithm extends the method
of Guan, Shao, and Shi [GSS26] for # EO. In our PCSP formulation, their minority method gives
affine LP-restricted supports. For decision problems, bijunctive supports also suffice because 2-SAT
decides feasibility. We show that the same LP restriction preserves all solutions and yields bijunctive
constraints when Mayj; is an upper or lower promise polymorphism of the language (Theorem 4.5).



Obtaining pinnings from a YES-NO transition. A NO instance contains enough information
to recover the power of pinnings. Fix its vertex constraints and local port orders. Nonempty
supports let us choose one accepted string at each vertex; half weight then lets us pair every 0 port
with a 1 port, producing a YES instance on the same vertices. Any two pairings are connected by
switches, each changing two pairs on four ports. Along a sequence from the YES pairing to the NO
pairing, consider the first switch that destroys satisfiability.

Cutting these two edges leaves a nonempty four-port constraint g. Global balance forces weight
two, and the NO pairing excludes four of the six weight-two strings. After ordering the ports,

@ + 8(g) € {0011,1100}.

A singleton support gives a complementary pair of pins by contracting one 0 port with one 1
port. Otherwise g =4, which supplies all generalized disequalities. A constraint that is not
invariant under complementation then selects one of the two pinning patterns. If every constraint is
complement-invariant, generalized disequality instead synchronizes all pinning pairs; a global bit
flip recovers their prescribed values. This proves pin elimination (Lemma 5.2).

Failed PCSP conditions yield hardness. Assume that pinnings and DEQ are available. If Ming
is neither an upper nor a lower promise polymorphism of F, Lemma 5.7 gives either NP-hardness
directly or a pairwise opposite constraint that is not affine. If Majs is neither an upper nor a lower
promise polymorphism of F, Lemma 5.8 gives either NP-hardness directly or a pairwise opposite
constraint that is not bijunctive. If neither lemma gives hardness directly, the resulting constraints
yield an NP-complete CSP by Schaefer’s dichotomy.

4 An LP-Based Framework for the Minority and Majority Cases

We use the LP and minority support-restriction argument of Guan, Shao, and Shi [GSS26], and
prove its majority analogue. Under the hypothesis below, the LP restricts local supports to affine or
bijunctive constraints while preserving all satisfying orientations. Gaussian elimination or 2-SAT
then decides feasibility.

Proposition 4.1. Let F be a finite set of EO constraints. If some p € {Mins, Majs} is an upper
or lower promise polymorphism of F, then EO(F) is polynomial-time solvable.

4.1 The Linear System

Write an instance of EO(F) in its orientation form Q = (G, 7), where G = (V, E), and let f, = m(v).
For each edge e = (u,v), denote its incidences by e; € E(u) and ez € E(v). These incidences are
distinct even when e is a self-loop. Thus a(ej) and [(es) refer to the corresponding coordinates of
support strings at its endpoints.

The variable z, o represents the mass assigned to local string o at v. Vertex equations make
these masses a probability distribution; edge equations require the two incidence marginals of an
edge to sum to one. Consider the following system.



Variables: z,, >0 for every v € V and « € S(fy),

Vertex equations: Z Ty =1 for every v € V,
a€S(fv)
Edge equations: Z aler)Tya + Z Blea)xy, 3 =1 for every e = (u,v) € E.
a€S(fu) BES(fv)

(1)
Write € = (7y,0)vev,aes(f,), and let P(€2) denote the feasible region of (1). The vertex equations
and nonnegativity imply that every variable lies in [0, 1], so P(£2) is a polytope.

Definition 4.2 (LP-feasible support, L(f,)). A string o € S(fy) is LP-feasible if z, o > 0 for some
x € P(Q). Let L(f,) be the set of these strings; it is empty when P(Q) is empty.

The support L£(f,) depends on the vertex and the instance. If P(£2) is nonempty, the vertex
equations ensure that each £(f,) is nonempty. For a constraint f of arity  and a set 7 C {0,1}",
write f|7 for the constraint with support S(f)NT.

Lemma 4.3. If P(Q2) is empty, then Q is unsatisfiable. Otherwise, replacing each fu, by fulr ()
yields an equisatisfiable instance ' that can be constructed in polynomial time.

Proof. Every satisfying orientation induces a feasible indicator vector, so its local strings belong to
L(fy). Together with L£(f,) C S(fy), this proves both satisfiability claims. Compute each L(f,) by
maximizing x, o over P(€2) and retaining strings with positive optimum. This requires polynomially
many linear programs of polynomial size, solvable exactly in polynomial time [[Kar84]. O

4.2 Properties of the LP-Feasible Support

We first show that every triple receiving positive mass under a feasible vector has balanced minority
and majority outputs. We then apply the relevant promise polymorphism to the local distributions
to prove closure of the LP-feasible supports.

We encode a bit a € {0,1} by its sign @ = 2a — 1 and apply this notation coordinatewise to
strings. For a € {0,1}", define

Ala) = Z&i =2wt(a) —r.
i=1

Thus A records the signed departure from half the arity. For Boolean inputs a, b, ¢, the signed forms
of minority and majority are

Ming(a,b,¢) = abé,  Majs(a,b,¢) = 1(a+ b+ — abe).

Consequently,
r ~
A(Min3(a7 57 7)) = Z azﬁl;}\/’m
i=1

2A(Majz (e, ,7)) + A(Ming(a, 8,7)) = Aa) + A(B) + A(9).

For three EO support strings, the right-hand side of the second identity is zero.



Lemma 4.4. Let Q = (G, ) be an instance of EO(F), where w(v) = f,. Suppose that F satisfies
the hypothesis of Proposition J.1. Then, for every x € P(Q), every v € V, and all a, B,y € S(fv),

Ty,aly Lo ~A(Minz(a, 3,7)) =0,
xv,a$v,5xvﬁA(Maj3(a7 /87 7)) =0.

Proof. For every incidence i € E(v), define its signed marginal

My i = Z a(i)xy -

a€S(fv)

The vertex and edge equations imply my, ¢, +my e, = 0 for the two incidences of every edge e = (u, v).
Cubing preserves this cancellation. Summing over edges and then grouping incidences by vertex

gives
Z Z m?” =0. (2)

veV ieE(v)

Expanding at each vertex gives

Z mgﬂ': Z LTy,aly,BLy,y Z &(Z)B(l)?(l)
i€E(v) o,B,4ES(fv) i€ E(v)
= Z xv,axv,ﬂxv,'yA(Min?)(aa 67 7))
a,ﬂ,’yES(fv)

=2 Z xvvaxvaﬁxU:’YA(Maj?;(a’ﬂv7))-
a,B,7€S(fv)

The last equality uses the fact that all input strings have half weight.

If Ming is an upper promise polymorphism of F, every minority output has nonnegative imbalance.
All terms in the middle sums are therefore nonnegative. Their global sum is zero by (2), so every
term must vanish. If Ming is a lower promise polymorphism of F, these terms are nonpositive, with
the same conclusion. The identity relating the two imbalances then also makes every majority term
vanish.

If Majs is an upper or lower promise polymorphism of F, apply the same argument to the last
sum: its terms have a common sign and their global sum is zero. Both asserted products therefore
vanish in all four cases. O

Theorem 4.5. Let Q = (G, 7) be an instance of EO(F) with w(v) = fy,, and suppose that P(2) is
nonempty. Then the following statements hold at every vertezx v.

1. If Ming is an upper or lower promise polymorphism of F, then fv‘ﬁ(fv) s affine.

2. If Majg is an upper or lower promise polymorphism of F, then fu|z(y,) is bijunctive.
Proof. Let p be the minority or majority operation specified by the hypothesis, and fix a vertex v
and strings «, 8,7 € L(f,). We prove that p(«, 5,7) € L(fy)-

A feasible vector supporting all three strings. Choose feasible vectors (1), () x®) with

567(}(;, xf}%, :cf’% > 0. Their average

a* = LzW + 2@ 1 20) e P(Q)

gives positive mass to all three strings at v. Neither the strings nor their witnessing vectors need be
distinct.



Applying the operation to local distributions. At every vertex w, independently sample
three strings from the distribution 7, . and apply p coordinatewise. This is a transformation of
local distributions; it does not assume a distribution on satisfying orientations. Define the resulting
masses by
Hw,¢ = Z x;ku,ax'tu,bxru,m C‘ S S(fw)

a,b,cES(fw)

p(a;b,c)=¢
These masses are nonnegative. Since p is an upper or lower promise polymorphism of F, an output
outside S(fy) has strictly positive or strictly negative imbalance, respectively. By Lemma 4.4, the
triple has mass z7, .27, 27, . = 0. No positive mass is therefore lost by indexing p only by support
strings. In particular,

3
Z Hw,¢ = Z x;ku,ax:u,bx;ku?c = Z xTU,a =1
CGS(fw) a,b,cGS(fw) a‘es(fw)
Thus all vertex equations hold.
Preserving the edge equations. For an incidence i € E(w), let
Mg =Y i)z,
a€S(fw)
be its signed marginal. The bit identities preceding Lemma 4.4 give
3 .
o~ My 4 b= M1n37
> Dpwe =14, " _
CES(fuw) (3w, — m%u,i)/zv p = Majs.

Indeed, the expectation of the product of the three signed bits is m:fu’,;; the majority identity also

contributes their three expectations, each equal to m,, ;. The zero-mass property above permits
taking these expectations over all triples.

Both displayed functions of m,, ; are odd. For an edge e = (u, w) with incidences ey, ea, feasibility
of &* gives my e, + My e, = 0. The two signed marginals of p therefore also sum to zero. Together
with the vertex equations, this is precisely the edge equation for p. The same argument applies
when u = w, because the incidences remain distinct. Hence p € P(2).

Finally, put 7 = p(a, 8,v). This triple has positive mass, so the zero-mass property implies
7 € S(fv). Moreover,

for = Ty 0Ty g0 o > 0.

Thus 7 € L(f,), proving the required closure. Closure under minority characterizes affine constraints,
and closure under majority characterizes bijunctive constraints. O

We now give the algorithm establishing Proposition 4.1.

Proof of Proposition /4.1. By Lemma 4.3, Algorithm 1 either detects an infeasible LP and rejects, or
constructs an equisatisfiable restricted instance €. By Theorem 4.5, its local constraints are affine
in the minority case and bijunctive in the majority case. Binary disequality belongs to both classes.

An affine support is encoded by translating a support string to zero, finding linear equations
for the resulting subspace over the two-element field Fy, and translating the equations back. A
bijunctive support is encoded by the conjunction of all unary and binary clauses satisfied by its
strings. Since arities are bounded, these encodings can be constructed in polynomial time. Gaussian
elimination or 2-SAT then solves €' in polynomial time. O
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Algorithm 1 LP-based algorithm
INPUT: An instance Q = (G, 7) of EO(F), where F satisfies the hypothesis of Proposition 4.1
OUTPUT: Whether () has a satisfying Eulerian orientation
Test feasibility of (1).
if P(Q) =0 then

return No
end if
for each vertex v € V(G) do

for each string o € S(f,) do

Solve the linear program maxgcp () Zv,a

end for

Set L(f,) to the strings whose optimum is positive
end for
: Construct ' = (G, '), where 7'(v) = fulz(s,)-
: Solve Q' by Gaussian elimination (minority case) or 2-SAT (majority case).
: return the resulting satisfiability decision.

— = =
w N PO

5 NP-completeness of EO(F)

Throughout this section, the original language F is fixed and finite and consists of nonzero constraints;
the auxiliary family DEQ may have unbounded arity. All problems considered belong to NP, and
the reductions are satisfiability-preserving constructions of polynomial size.

For a language F of EO constraints, we write

EO®(F) := ECSP (2| F, 80, 81). (3)

5.1 Pinnings from a NO Instance

Lemma 5.1. Let F be a finite set of EO constraints. Then EO°(F) =7 EO(F, dp ® 01).

Proof. In the bipartite representation, LHS disequalities force exactly half the edges to have value
1. Since each RHS EO constraint requires half its incident values to be 1, a satisfying assignment
requires equally many dg and 01 vertices. If their numbers differ, output two dg ® 91 vertices joined at
corresponding ports through separate LHS copies of #2, an unsatisfiable target instance. Otherwise,
pair the unary vertices and merge each pair into dg ® d;. Conversely, split each such pair into its
unary factors. Both constructions preserve satisfiability. O

Lemma 5.2 (Simulating pinnings). Let F be a fized finite set of nonzero EO constraints. If EO(F)
has an unsatisfiable instance, then

EO(F) <r EO(F).
Proof. By Lemma 5.1, it suffices to show that
ECSP(#2| F,d0 ® 01) <7 ECSP(#2| F).

All gadgets below are #9| F-gates realizing constraints on the RHS, unless additional RHS constraints
are explicitly specified.
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A switch from a satisfiable pairing to an unsatisfiable one. Since F is not universally
satisfiable, fix an unsatisfiable instance Q of ECSP(#,| F). Keep its RHS vertices, their constraints
fv, and their local input orders fixed. Each LHS vertex pairs two RHS ports, so the LHS vertices
specify a perfect matching on these ports. The instance €2 depends only on the fixed language F, so
the gadget obtained from it has constant size.

We first construct a satisfiable instance on the same RHS vertices. Choose o, € S(f,) at
each vertex, using the assumption that input constraints are nonzero. Because every f, is an EO
constraint, the chosen strings assign 0 and 1 to equally many ports. Pair each 0 port with a 1 port
through an LHS copy of #5. The resulting instance Q(©) is satisfied by the chosen strings.

Any two perfect matchings on the ports are connected by switches, each replacing two pairs
by another pairing of the same four ports. Indeed, if a target pair {a,b} is absent and the current
pairs containing its ports are {a, c} and {b, d}, replace them by {a,b} and {c,d}. This increases the
number of pairs shared with the target matching. Thus a sequence of switches transforms Q(©) into
Q.

At the first loss of satisfiability, two consecutive instances Q7 and Q~ are satisfiable and unsatis-
fiable, respectively. Label the four affected ports p1, p2, ps, p4 so that their pairs are {p1,p2}, {p3,pa}

in Q= and {p1, ps}, {p2,p3} in Q.

The four-port gate. Remove the two switched LHS vertices, leaving four dangling edges in the
order p1,p2,p3,ps. The resulting gate realizes a constraint g with nonempty support, since Q% is
satisfiable. If Q has m LHS vertices, balance at the RHS vertices forces a total of m ones on their
ports. The remaining m — 2 LHS disequalities account for m — 2 of those ones. Every support string
of g therefore has weight 2.

No a € S(g) satisfies both a1 # as and as # a4: such a string would extend to a satisfying
assignment of Q7. Of the six weight-two strings, only 0011 and 1100 avoid these two disequalities.
Hence

@ # S(g) €{0011,1100}.

Producing a pinning pair. If S(g) is a singleton, apply disequality contraction to two coordinates
assigned 0 and 1, respectively, by its unique support string. Up to a permutation of the two remaining
coordinates, the resulting constraint is g ® d1, giving the required reduction by gadget replacement.

Otherwise, g =#4. By Lemma 2.6, every #or€ DEQ is now realizable on the RHS by a gadget
constructible in polynomial time. Suppose first that some f € F is not invariant under bitwise
complementation. Choose a € S(f) with @ ¢ S(f), and let f have arity 2n.

Take one RHS copy each of f and #9,4+2. Connect the n ports of f at which a is 1 to n ports
in the first equality block of #9,12, and its other n ports to n ports in the second block. Use a
separate LHS copy of #, for each connection. Leave one port of each block dangling, in that order.
The external assignment 01 induces « at f, whereas 10 induces @. Thus this gate realizes §y ® d1.

Removing pinnings under complement symmetry. Finally, suppose that every f € F is
invariant under bitwise complementation. Consider an instance of ECSP(#2| F, o ® 1) with k& > 1
occurrences of §y ® d1; if & = 0, no change is needed. Synchronize these pairs by replacing them
with one copy of #op: attach their former first ports to its first block and their second ports to its
second block.

Every satisfying assignment of the original instance satisfies the new one. Conversely, a solution
of the new instance gives either 01 at every former pair or 10 at every pair. In the latter case,
complement all edge values. This preserves F and #5 and restores the required 01 values. Thus
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the instances are equisatisfiable. Substituting the gate for #95, completes the polynomial-time
reduction. ]

5.2 Dichotomy for EO°

Theorem 5.3. Let F be a fized finite set of nonzero EO constraints. If every f € F is a A-matroid,
or some p € {Ming,Majs} is an upper or lower promise polymorphism of F, then EO°(F) is
polynomial-time solvable. Otherwise, it is NP-complete.

The hardness proof first uses a failed exchange to obtain #4, and then uses the failures for Ming
and Majz to obtain CSP obstructions.

Lemma 5.4. Let F be a finite set of nonzero constraints such that every f € F has constant
Hamming weight. If F contains a constraint that is not a A-matroid, then #4 is realizable on the
RHS by a #2| F,do,01-gate. Consequently,

ECSP(DEQ | DEQ, F, b0, 81) <7 ECSP(s| F, 8o, 61).

Proof. Choose a constant-weight constraint f € F that is not a A-matroid. Call an ordered pair
(o, B) € S(f)? bad if some iy € aAf satisfies

a® {io,j} ¢ S(f)  for every j € @B, j # io.

We call ig a bad coordinate. A one-coordinate flip cannot preserve Hamming weight, so failure of
the A-matroid axiom gives a bad pair. Its Hamming distance is at least four. Choose a bad pair of
minimum distance, with bad coordinate ig.

Pin all coordinates on which « and 3 agree, and let f’ be the resulting constraint. Retain the
original indices of its coordinates. The restricted strings o’ and 3’ are complementary, and f’ still
has constant weight. Thus, if m is its arity, both strings have weight m/2, and m > 4. Every
support string of f’ extends uniquely, using the pinned values, to a support string of f.

If S(f") = {/,5'}, a coordinate permutation gives f =#,,. Apply m/2 — 2 disequality
contractions, each joining one port from each equality block, to obtain #4. Otherwise, consider any
v e S(f)\{, 5}, and let v € S(f) be its extension by the pinned values. Minimality of the bad
pair imposes the following restrictions.

Only §' differs from o' at the bad coordinate. We have 7 = aj . Indeed, if v; = f3; , then
aA+y is a proper subset of aAS containing i9. No exchange at ig within this smaller set is possible,

because none was possible within the larger set. Hence () is a smaller bad pair, a contradiction.

Every additional string is at distance two from 3’. Suppose instead that wt(y' & 3') > 4. If
an exchange at ig took +' to another support string, that string would have value 51/'0 at ig. By the
preceding paragraph it must be 8, which is impossible at distance at least four. Extending by the
pinned values therefore gives a bad pair (v, 5) smaller than («, ). This is again a contradiction.

The remaining constraint has arity four. If m > 6, complementation and the preceding
paragraph give wt(a/ ®+') = m — 2 > 4. Fix any coordinate k € o’Av’. A two-coordinate exchange
from o/ at k within this difference set would produce a support string 6" at distance two from o/. It
is neither o/ nor ', but its distance from ' is m — 2 > 4, contradicting the preceding paragraph.
Thus (a,7y) would be a smaller bad pair. We conclude that m = 4.
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Suppose first that a; = 0. Permute the coordinates so that i is first, o/ = 0011, and " = 1100.
The additional support strings have first coordinate zero and weight two, so the support is one of

{0011,0101,1100},  {0011,0110,1100},  {0011,0101,0110,1100}.

The first two differ only by exchanging coordinates three and four. Write hs and hy for the first and
third constraints, respectively.

Take two copies of hy on the RHS. Join their third ports through one LHS copy of #2, and
their fourth ports through another. Order the dangling ports as the first two ports of the first copy
followed by those of the second. The resulting support is

{0011,0101, 1100} = S(hs).

To see this, a prefix 00 has suffix 11 and must pair with prefix 11, whose suffix is 00. The only
other possibility pairs the two suffixes 01 and 10, both of which have prefix 01. Applying the same
construction to hsg removes this last possibility, because hs has suffix 01 but not suffix 10. Its
resulting support is therefore {0011, 1100}, giving #4. If ¢ , = 1, the supports above are bitwise
complemented. The same wiring produces the complemented support of #4, which is #4 itself; no
separate complementation gadget is needed.

We have therefore realized #4 on the RHS using #2| F,d0,d1 gates. Applying Lemma 2.6
completes the reduction. ]

We next construct pairwise opposite witnesses so that Lemma 2.7 applies. The following identity
controls the sizes of their complementary coordinate blocks.

Lemma 5.5. Let f be a constraint of arity n and constant Hamming weight k, and let o, B,y € S(f)
be distinct. For a,b,c € {0,1}, let

gzbﬁ?y_{ze{l n}|ai:avﬁi:ba7izc}

be the set of coordinates in which «, 5,7 take the values a,b, ¢ respectively. Then

|Sasy = 1Sag| = [Sapy] — [Sasy]
= [Sasm| = 1Sa3| = lapy,
where logy =2k —n — (\Sélﬁlw - \Sg%qy ). Moreover,

wt(Minz(a, 3,7)) = k — 2lagy,
wt(Majs(a, 3,7)) = k + lagy-

Proof. Write dy = [S12)| |59 |, dy = [S208 | [S010 | dy = S04 | [S10 |, and 1 = |SLE¢ | ~[5000 |

Since wt(a) = wt(5) = wt(y) = k, comparing the numbers of zeros and ones in these strings gives
di+do—ds+t=di+ds—do+t=do+ds—di +t=2k—n.

Hence di = dy = d3 = 2k —n —t = lagy. Let A = Ming(a, 3,7) and p = Majs(a, 5,7). By the
definition of minority,

2Wt()\)—n:t—dl—dg—d3:2k'—n—4la57.

Thus wt(A\) = k—2ln8,. Summing \;4+2u; = o;+B;+; over all coordinates gives wt(A)+2 wt(u) = 3k,
and hence wt(p) =k + log- O
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Define the ternary constraints hijyz and hoins by

S(hims) = {001,010,100},  S(haims) = {110,101,011}.

Lemma 5.6. ECSP(DEQ | DEQ, hiins, haing) is NP-complete.

Proof. Take disjoint RHS copies of hijng and hoj,3; together they realize hiijng ® hoins. Label the
coordinates of the two factors by (x1,x2,x3) and (y1,y2,ys), respectively. Applying the disequality
restriction gadget of Lemma 2.5 to each pair (z;,v;), i € [3], realizes a constraint h on the RHS
whose support, in the coordinate order (z1, z2, z3,y1, Y2, y3), is

S(h) = {100011,010101,001110}.

Thus h is pairwise opposite. The coordinatewise minority and majority of these three support
strings are 111000 and 000111, respectively, neither of which belongs to S(h). Hence h is neither
affine nor bijunctive.

The constraint # is neither O-valid nor 1-valid, and is neither Horn nor dual-Horn. Therefore,
Schaefer’s dichotomy (Theorem 2.8) implies that CSP(#3, h) is NP-complete. Since both #5 and h
are pairwise opposite, Lemma 2.7 and the construction above give

<7 ECSP(DEQ | DEQ, hiing, h2in3)-

O

Lemma 5.7. Let F be a finite language of constant-weight constraints. If Ming is neither an upper
nor a lower promise polymorphism of F, then one of the following holds:

1. There exists a pairwise opposite constraint h—,g that is not affine such that

ECSP(DEQ | DEQ, F, 80, 61, h-ait) <1 ECSP(DEQ | DEQ, F, 5o, 51);

2. ECSP(DEQ | DEQ, F,by,01) is NP-complete.

Proof. For each fixed witness triple «, 3,7, abbreviate | = [,3, and Sabe — Sg%cv. There are two
possible obstructions. A minority output may have the correct weight but be missing from the
support. If no such output exists, the two failures supply outputs of weight both above and below
the required weight, possibly from different constraints. The three strings in each witness triple
are pairwise distinct: if two inputs to minority coincide, its output is the third input and cannot
witness a failure.

Case 1: a missing output of the correct weight. Suppose f € F has weight k£ and strings
a, B,v € S(f) such that

A = Ming (e, 8,7), wt(\) =k, A ¢ S(f).

By Lemma 5.5, l43, = 0. Pin the coordinates on which all three strings agree. The restricted strings
remain feasible, their minority remains infeasible, and their weight differences do not change. For
simplicity retain the notation f,a, 3,7, A for these restrictions.
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The remaining coordinates have one of the six nonconstant patterns 001,010, 100,110,101,011.
Since | = 0, each pattern occurs as often as its complement. Match the coordinates in S’élﬂ%
bijectively with those in 52017, and do the same for the pairs of patterns (101,010) and (011, 100).
Apply the disequality restriction gadget of Lemma 2.5 to every matched coordinate pair; an empty
pattern class requires no gadget.

The resulting RHS constraint h—,g is pairwise opposite. Each of «, 3,y satisfies all the added
restrictions, so all three remain in its support. Its support is contained in that of f, so A is still

absent. Thus h—_,g is not affine. This is the first conclusion of the lemma.

Case 2: outputs on both sides of the required weight. Suppose Case 1 does not occur. Since
Ming is not a lower promise polymorphism of F, some constraint has a triple whose minority weight
exceeds the constraint’s weight. Since Ming is not an upper promise polymorphism, another triple
has minority weight below its constraint’s weight. The constraints may coincide. By Lemma 5.5,
their respective parameters [ are negative and positive.

We describe one construction for either nonzero value of [. Let f and «, 3, be the corresponding
constraint and triple. Pin the coordinates on which all three strings agree, again retaining their
names. This leaves the six nonconstant coordinate patterns, and the parameter [ is unchanged. The
three complementary pattern pairs satisfy

|5110| _ ’5001| — |5«101| _ |5«010| — |5011| _ |5100| -

We compress each complementary pattern pair to a block of |/| equal coordinates so that each of
the three witness assignments extends through the gadget. The common imbalance ensures that all
three resulting blocks have the same size.

Consider first (S0, S0 of sizes p and q. Put a = max{p, ¢}. Take an RHS copy of #a,, join
p ports of its first equality block to S0, and join ¢ ports of its second equality block to S%!, each
connection through a separate LHS copy of #9. Exactly [p — ¢| = |I| ports remain dangling, all in
one equality block. Repeat this construction for (5191, §910) and (S0t 5100y,

The resulting constraint f* has three blocks of |I| coordinates, with equality within each block. If
[ < 0, the three witness strings induce block values 001,010, 100. If [ > 0, they induce 110,101, 011.
To check the sign, in the first pattern pair the unused ports lie in the first block when p < ¢, giving
the complement of pattern 110, namely 001; when p > ¢, they lie in the second block and give the
complement of 001, namely 110.

Moreover, f* has constant Hamming weight. All its RHS constraints do, and each internal LHS
disequality consumes exactly one value 1, leaving a fixed number of ones on the dangling ports. Each
accepted string is constant on each of the three blocks, and |I| > 0. The witness strings therefore fix
its weight to |I] if I < 0, or 2|I| if { > 0. In the first case exactly one block must be one; in the second
exactly two must be one. The three induced block patterns already exhibit all these possibilities, so
they exhaust the support. Thus

wil 1<,
pi 1>,

where the superscript denotes coordinate replication. By Lemma 2.4, an instance using the
corresponding ternary constraint reduces to one using its replicated version. Substituting the gate
for f* then eliminates that replicated constraint. This makes the ternary constraint available by an
instance reduction; it need not be realizable by a three-port gate.

Applying the construction to the negative and positive witnesses makes both ternary constraints
available on the RHS. Hence

ECSP(DEQ | DEQ, hiins, hains) <1 ECSP(DEQ | DEQ, F, 5o, 61).

/=
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The source problem is NP-complete by Lemma 5.6, giving the second conclusion. O

Lemma 5.8. Let F be a finite language of constant-weight constraints. If Majs is neither an upper
nor a lower promise polymorphism of F, then one of the following holds:

1. There ewists a pairwise opposite constraint h—y; that is not bijunctive such that

ECSP(DEQ | DEQ, F, 80, 61, h-wij) <7 ECSP(DEQ | DEQ, F, 5o, 61);

2. ECSP(DEQ | DEQ, F,by,01) is NP-complete.

Proof. The coordinate constructions in the preceding proof depend on the parameter | = l,3,,
not on whether the witness was obtained from minority or majority. We explain how the majority
hypotheses supply the same two cases. Again, the three witness strings must be pairwise distinct,
since majority with two equal inputs returns the repeated input.

Suppose first that some constraint f of weight k has «, 5,7 € S(f) with

p=Majs(a, 8,7),  wt(p) =k, p&S(f)

The weight identity gives lo3, = 0. Pin the coordinates on which the three strings agree and match
complementary coordinate patterns exactly as in Case 1 of Lemma 5.7. Disequality restriction
produces a pairwise opposite constraint h-p;; whose support still contains the restricted witness
strings and still excludes their majority. Thus this constraint is not bijunctive and gives the first
conclusion.

Otherwise no majority output of the correct weight is missing. Since Majs is not a lower promise
polymorphism of F, some output has weight above its constraint’s weight; since Maj; is not an
upper promise polymorphism, another has weight below its constraint’s weight. By Lemma 5.5,
these witnesses have [ > 0 and | < 0. The compression construction in Case 2 of Lemma 5.7
produces replicated hoins and hiing, respectively. Apply Lemma 2.4 to remove the replications and
Lemma 5.6 to obtain NP-completeness. 0

Proof of Theorem 5.3. The constraint dy ® d; has support {01}; it is an even A-matroid, and both
Mins and Maj; are upper and lower promise polymorphisms of it. By Lemma 5.1, adding this
constraint reduces the tractable cases to Lemma 2.9 and Proposition 4.1.

Suppose none of the tractability conditions holds. By Lemma 5.4,

ECSP(DEQ | DEQ, F, 6o, 51) <7 EO°(F).

By Lemma 5.7, either the left-hand problem is already NP-complete, or a pairwise opposite constraint
h_ag that is not affine can be added on the RHS without changing its complexity. In the latter case,
set I' = FU{h_ax}. The operation Maj; is still neither an upper nor a lower promise polymorphism
of ', since F C I'. Applying Lemma 5.8 to I' either proves NP-hardness, after eliminating h—ag, or
supplies a pairwise opposite constraint h-y;; that is not bijunctive and can also be added on the
RHS.

In the remaining case, let H = {#2, h—ag, h-pij}. The two witnesses exclude the affine and
bijunctive cases, while #5 excludes 0-validity, 1-validity, Horn, and dual-Horn. Thus CSP(H) is
NP-complete by Theorem 2.8. Every constraint in H is pairwise opposite, so Lemma 2.7 and the
preceding reductions give

CSP(H) <7 ECSP(DEQ | H)
<r ECSP(DEQ | DEQ, F,8,61) <1 EO(F).

Auxiliary disequalities can be expanded in polynomial time by Lemma 2.6. O
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Proof of Theorem 1.1. The tractable cases follow from Lemma 2.9, the constant YES algorithm,
and Proposition 4.1. Otherwise, failure of condition 2 gives a NO instance, so Lemma 5.2 yields
EO¢(F) <7 EO(F). Conditions 1, 3, and 4 also fail, making EO°(F) NP-complete by Theorem 5.3.
Hence EO(F) is NP-complete. O

6 Graph Orientations with Unary Pinnings

For an arbitrary Boolean constraint language F, define GO(F) := ECSP(#2| F). Write U = {do, 1}
and

GO(F) := GO(F,U) = ECSP (2| F,U). (4)

Theorem 6.1 (Trichotomy for GO with two pinnings). Let F be a fized finite set of nonzero Boolean
constraints.

1. If every f € F has constant Hamming weight, then GO®(F) is polynomial-time solvable if every
f is a A-matroid, or if some p € {Mins, Majs} is an upper or lower promise polymorphism of
F. Otherwise it is NP-complete. The constant weight may depend on f.

2. If some f € F has nonconstant Hamming weight, then
GOS(F) =p ECSP(#2,U,=1| F,U,=1). (5)

Its classification is inherited from Theorem 6./: the cases are polynomial-time solvable, NP-
complete, or in the residual A-matroid parity family. The additional tractable cases covered
by [KKR18, Theorem 11] belong to the polynomial-time branch.

Lemma 6.2 (Nonconstant weight permits the free unary). If F contains a constraint of nonconstant
Hamming weight, then =1 can be added to GO®(F) without changing its complexity, and (5) holds.

Proof. Choose support strings «, 5 of different weights in some f € F with minimum Hamming
distance, with wt(a) < wt(/3). Pin their common coordinates and let a be the restriction of c. The
remaining support is {a,a}: any third string would form a closer pair of different weights with one
of them. Join each one-position of a to a distinct zero-position through #5. This realizes =4, where
d = la|] —2wt(a) > 0. By Lemma 2.4,

ECSP(#2| F,U,=1) <p ECSP(#2| F,U,=4) <r GO(F).
Finally, a left unary u can be replaced by the right unary u(1 — x) through #,, proving (5). O

Theorem 6.3 (Constant-weight GO reduces to EO). Let F be a fized finite language of nonzero
constraints, where each f € F has arity ny and constant weight t;. Define

ag = max{n; —2t7,0}, by =max{2t; —ns,0}, f=f@& " @5,
and let F = {f feF}. Then F is an EO language and

GO°(F) = EO(F).

Balancing preserves the A-matroid condition and the upper and lower promise polymorphisms
Ming, Majs, in both directions.
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Proof. At each f-vertex, append the fixed ports of f and attach opposite unary pins to enforce
their values. Conversely, split every f into f and its unary factors. These operations preserve
satisfying assignments even when loops are present, and ¢ty 4+ ay = (ny + ay + by)/2 proves balance.
The added coordinates are fixed, so the exchange axiom is unchanged. For either ternary operation
p and the fixed suffix ¢, p(ac, fe,vc) = p(e, B,7)c. Appending ¢ adds ay to both the output weight
and the required weight, preserving whether p is an upper or lower promise polymorphism. O

The nonzero simulation closures of a pair of languages consist of all nonzero constraints realizable
by bipartite gates on the respective sides.

Theorem 6.4 (Feder—Ford [FF06, Theorem 6.2]). Let (A, B) be closed under nonzero bipartite
simulation and contain dg,d1,=1 on each side. The Schaefer, A-matroid intersection, and mized
2-SAT/A-matroid cases specified in that theorem admit polynomial-time algorithms given oracles
that decide whether a constraint has a support string after prescribed coordinates are fixed. Every
other case is NP-complete unless A = B and this common language consists of A-matroids and
contains binary equality; these remaining cases are A-matroid parity problems.

Proof of Theorem 6.1. For constant weight, apply Theorem 6.3 and the pinned EO dichotomy
(Theorem 5.3). Otherwise Lemma 6.2 gives (5). Apply Theorem 6.4 to the nonzero simulation
closures of the two constraint languages in this bipartite ECSP. The required restriction queries
concern products of original vertex constraints and their coordinatewise upward and downward
closures: strings above or below some support string in the coordinatewise order. These queries
split into independent queries to fixed support tables. Hardness transfers by substituting the fixed
gates for the finitely many simulated constraints used in a reduction. Within the residual family,
if every original constraint is coverable in the sense of [KKR18, Definitions 9-10], then [KKR18,
Theorem 11] applies: binary disequality and the three unaries are also coverable, and the required
even-cover tables can be fixed in advance because the language is fixed. This gives the stated
trichotomy. O

For symmetric constraints, this recovers the MIT Hardness Group’s dichotomy with constants
on general graphs [MAD 26, Theorem 3.12]. A symmetric constraint is a A-matroid precisely when
its allowed-weight gaps are at most two; maximal step-two intervals give its even covers [KKR18,
Definitions 9-10]. The mixed Feder—Ford case requires order-convexity: if z < z < y coordinatewise
and z,y € S(f), then z € S(f). For symmetric constraints this forces an interval of allowed weights,
hence a A-matroid. The left simulation closure contains disequality and every original constraint
with all input bits complemented, so the Schaefer branches reduce to languages consisting entirely
of affine constraints or entirely of bijunctive constraints.

A Proofs of the Gadget Lemmas

Proof of Lemma 2.4. Let ) be an instance of ECSP(F | G, f). Make [ disjoint copies of 2. For
each vertex assigned f, merge its [ copies into one vertex assigned f*, placing the ! copies of its ith
incident edge at the ports in block i. Leave all other vertices unchanged. The resulting instance €/
uses only F on the LHS and G U {f'} on the RHS.

A satisfying assignment of Q extends to ' by using the same assignment in every copy. Conversely,
the block equalities at each f!-vertex ensure that a satisfying assignment of €’ restricts to a satisfying
assignment of €2 in each copy. Since [ is fixed, the construction takes polynomial time. O
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Proof of Lemma 2.5. Place one copy each of f and #4 on the RHS. Connect ports ¢ and j of f to
ports 1 and 3 of #4, respectively, through two copies of #5 on the LHS. Use ports 4 and 2 of #4 as
the external ports corresponding to coordinates 7 and j, respectively, and leave all other ports of f
dangling. If the values at ports i, j of f are a, b, then ports 1,3 of #4 have values 1 —a,1 —b. Since
=4 requires its first two inputs to be equal and opposite to its last two, this assignment extends
exactly when a # b. In that case, its ports 4,2 have values a, b, respectively. Thus the gate realizes
fi#; with the original coordinate order. O

Proof of Lemma 2.6. Join one port from each equality block of the RHS constraint s, through
=£o. This yields #9,_2 on the RHS; repetition yields #4 and .

To increase the arity, connect one port of o5 to one port of #4, both on the RHS, through an
LHS copy of #5. The connection fixes the relative values of their two pairs of blocks. Among the
remaining ports, k + 1 have one value and k + 1 have its complement. After reordering the ports,
the gate therefore realizes #9541 9. Repeating this construction realizes any #9; on the RHS, giving

ECSP(#2| DEQ, F) <p ECSP (4| F, #a,).

To realize #9;, on the LHS, attach a separate LHS copy of #4 to each port of its RHS realization,
leaving the other port of each new vertex dangling. This complements every external input, which
leaves the support of #9; unchanged. These constructions take time polynomial in k, so they give
the required reduction for the unbounded family. O
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